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Abstract

The paper deals with the 2D gravity-capillary water waves equations in their
Hamiltonian formulation, addressing the question of the nonlinear interaction of a
plane wave with its reflection off a vertical wall. The main result is the construction
of small amplitude, standing (namely periodic in time and space, and not travel-
ling) solutions of Sobolev regularity, for almost all values of the surface tension
coefficient, and for a large set of time-frequencies. This is an existence result for
a quasi-linear, Hamiltonian, reversible system of two autonomous pseudo-PDEs
with small divisors. The proof is a combination of different techniques, such as a
Nash—Moser scheme, microlocal analysis and bifurcation analysis.
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1. Introduction

This paper deals with the 2D gravity-capillary water waves equations in their
Hamiltonian formulation [see Equation (2.1)]. The main result (Theorem 2.4) is the
construction of small amplitude, standing (namely periodic in time and space, and
not travelling) solutions of Sobolev regularity, for almost all values of the surface
tension coefficient, and for a large set of time-frequencies. This is an existence result
for a quasi-linear system of two autonomous pseudo-PDEs with small divisors.

Before stating precisely the result and describing the strategy of the proof, we
introduce the problem within a more general framework.

A classical topic in the mathematical theory of hydrodynamics concerns the
Euler equations for the irrotational flow of an incompressible fluid in a domain
which, at time ¢, is of the form

Q) = {(x,y) e R x Ry < n(t, x)},

whose boundary is a free surface, which means that 7, is an unknown. The simplest
type of nontrivial solution for the problem is a progressive wave, which is a profile
of the form n (¢, x) = o (k-x — wt) for some periodic function o : R — R, together
with a similar property for the velocity field. Despite intensive research on this old
subject, many natural questions are far from being fully resolved. Among these,
most questions about the boundary behavior of water waves are not understood.
Also, the question of the nonlinear interactions of several progressive waves is
mostly open.

This paper is concerned with these two problems. We shall study the reflection
of a progressive wave off a wall. More precisely, we shall study the nonlinear
interaction of a 2D gravity-capillary plane wave with its reflection off a vertical
wall. To clarify matters, recall that 2D waves are waves such that the motion is the
same in every vertical section, so that one can consider the two-dimensional motion
in one such section (the free surface is then a 1D curve).

Interaction of two gravity-capillary waves. The problem consists in seeking so-
lutions of the water waves equations, periodic in space and time, and such that

n(t, x) = ecos(ky - x — w(k))r) + ecoskr - x — w(ka)t) + O(e%),  (1.1)
together with a similar property for the velocity field, where
e ¢ is a small parameter which measures the amplitude of the waves;
e ki and k, belong to R? and are mirror images such that either ky = —ky or
ki = (1, 1), ko = (1, —71) for some t. This is the assumption that there is

one incident plane wave, say ¢ cos(k; - x — w(k)t), and one reflected wave,
ecos(ky - x — w(ko)t);
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e there holds

wk) =/ glk| + K|k|3

where g > 0 is the acceleration of gravity and « € [0, 1] is the surface tension
coefficient. Thus k — w (k) is the dispersion relation of the water waves equa-
tion linearized at the rest position, which (after transforming the system into a
single equation) can be written in the form

Lu := 8’u + g|Dy|u + k| Dy|’u = 0. (1.2)

Here | D, | is the Fourier multiplier defined by |D, le’k* = |k|etk*, where |k]|
is the Euclidean norm of k. Note that w (k1) = w (k).

This problem was initiated by REEDER and SHINBROT [46] and further developed
by CRrAIG and NicHOLLS [20,21] and GROVES and HARAGUS [26]. They considered
the superposition of two oblique 2D travelling waves, such that k1 = (1, 7) and
ko = (1, —7) for some t. This produces 3D short crested waves. Indeed, setting
o = w(k)) = w(ky) and writing x = (x1, x2), one has

gcos(x; + txy — wt) + gcos(x; — Txy — wt) = 2e cos(x] — wt) cos(Txy).

Since these waves are propagating in the direction (1, 0) (the x; axis), one has to
study solutions of the equation that are obtained by replacing 9; with —wdy, in
(1.2), which is

Ku = (0dy,)?u + g|Dx|u + k| Dy |>u = 0. (1.3)

For k > 0, K is an elliptic operator. Consequently, in this context, the existence
of solutions for the nonlinear equation is a problem in bifurcation theory (without
small divisors).

Standing waves. In this paper, we consider the case where the crests of the incident
waves are parallel to the wall. This implies that k; = —k» and therefore

gcos(ky - x —w(ky)t) + ecos(ky - x — w(ky)t) = 2e cos(w(ki)t) cos(ky - x).

Hence the waves obtained by superimposing the incident and the reflected waves
are standing waves (namely periodic in time and space, and not travelling). Since
standing waves are not travelling, one cannot replace the time derivative by a space
derivative. This changes dramatically the nature of the problem, as small divisors
appear. In this paper we are interested in the case with surface tension k > 0, while
in the case without surface tension, namely k = 0, a similar small divisors problem
was studied in a series of papers of Iooss, PLoTNIKOV and ToLAND [28-33,43],
which are described below.

The standing waves we are interested in are 2D waves. Without loss of general-
ity, we can assume that k| = (A, 0) = —kj for some A # 0. Thus we shall consider
functions that are independent of x. In the rest of the paper, x € R.

Small divisors. Let us explain why small divisors enter into the analysis. Looking
for solutions that are 27 -periodic in space and (27 /w)-periodic in time (where the
time frequency w is an unknown of the problem), (1.2) gives

Lei(jx-‘ert) — p(wg’ J-)el'(jx-ﬁ—wfl‘)7 p(a)g’ J) = _w2£2 +g|]| +K|]|3
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In general, namely for almost all values of w, «, the eigenvalues {p(w?, j)}¢ jez
of L accumulate to zero. To invert L in the orthogonal of its kernel, one finds these
small eigenvalues as denominators (in fact, small divisors), so that the inverse of
L is not a bounded operator, in the sense that it does not map any function space
(Sobolev or analytic or Holder or others) into itself. This makes it impossible to
apply the standard implicit function theory to solve the orthogonal component of the
nonlinear problem (i.e. the range equation, in the language of bifurcation theory).
Main result. Our main result is stated in the next section, see Theorem 2.4. It asserts
that, for almost all values « of the surface tension coefficient, for ¢g small enough
there exists a set G C [0, gg] of Lebesgue measure greater than go(1 — C 8(1)/ 18),
such that for € in G there exists a standing wave whose free surface is of the form
(1.1), or, more precisely, n(t, x) = € cos(wt) cos(x) + O (€2), with time-frequency
o = /g + £+ 0(e?). (In Theorem 2.4 the result is stated precisely for the problem
one obtains after normalizing the gravity constant g, rescaling time, and introducing
an additional amplitude parameter &, see Section 2.1.).

Our proof is based on Nash-Moser methods for quasi-linear PDEs on the one
side, and on techniques of microlocal analysis on the other.

Regarding Nash-Moser and KAM theory for quasi-linear PDEs, we remark
that in general, as it was proved in the works of Lax, Klainerman and Majda on
the formation of singularities (see e.g. [35]), the presence of nonlinear unbounded
operators—as it is in our water waves problem—can compromise the existence of
invariant structures of the dynamics like periodic or quasi-periodic solutions. In fact,
the wide existing literature on KAM and Nash-Moser theory for PDEs mainly deals
with problems where the perturbation is bounded (see e.g. KUKSIN [36] and WAYNE
[48]; see [37], [19] for a survey). For unbounded perturbations where the nonlinear
term contains less derivatives than the linear one, time-periodic solutions have
been obtained by CrAIG [19] and BOURGAIN [16], while quasi-periodic solutions
for PDEs of that type have been constructed via Nash—-Moser or KAM methods
by BOURGAIN [15], KUkSIN [37], KAPPELER-POsCHEL [34] for KdV, and, more
recently, by L1U-YuaN [40] and ZHANG-GAO—YUAN [50] for NLS and Benjamin-
Ono, and BERTI--B1asco--Procesi [11,12] for NLW.

For quasi-linear PDEs, namely for equations where there are as many deriva-
tives in the nonlinearity as in the linear part (sometimes called “strongly nonlinear”
PDEs, e.g. in [37]), the extension of KAM and Nash—Moser theory is a very recent
subject, which counts very few results. Time-periodic solutions for this class of
equations have been constructed by Iooss, Plotnikov and Toland for gravity wa-
ter waves [33,43] (which, even more, is a fully nonlinear system), and by Baldi
for forced Kirchhoff [6] and autonomous Benjamin—Ono equation [7], all using
Nash—Moser methods. We also mention the pioneering Nash—Moser results of RA-
BINOWITZ [44,45] for periodic solutions of fully nonlinear wave equations (where,
however, small divisors are avoided by a dissipative term). The existence (and linear
stability) of quasi-periodic solutions for a quasi-linear PDE has been only proved
very recently by Baldi, Berti and Montalto for forced Airy [8] and autonomous KdV
[9] equations, by Nash-Moser, linear KAM reducibility, and Birkhoff normal forms.

Regarding the water waves problem, in [43] Plotnikov and Toland proved the
existence of pure gravity (i.e. kx = 0) standing waves, periodic in time and space.
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This work has been extended by Iooss, PLoTNIkKOV and ToLAND [33] and then
by Iooss and PLoTNIKOV [29,30] who proved the existence of unimodal [33] and
multimodal [29,30] solutions in Sobolev class via Nash—-Moser theory, overcoming
the difficulty of a complete resonance of the linearized operator at the origin. On the
contrary, the gravity-capillary case has an additional parameter, the surface tension
coefficient x, whose arithmetic properties determine the bifurcation analysis of
the linear theory. In particular, for all irrational values of x (and therefore for
almost all «) the linearized operator at the origin has a one-dimensional kernel (see
Section 4.1).

We also mention the recent proof by Iooss and PLoTNIKOV [31,32] of the
existence of three-dimensional periodic progressive gravity waves, obtained with
Nash-Moser techniques related to [29,30]. The question of the existence of such
waves was a well known problem in the theory of surface waves—we refer the
reader to [10,17,20,24,25,28,31] for references and an historical survey of the
background of this problem.

Apart from the dimension of the kernel of the linear problem, there are other im-
portant differences between the gravity water waves problem, as studied by Iooss—
Plotnikov—Toland, and the gravity-capillary water waves problem studied here. The
difference is clear at the level of the dispersion relation w = /g|k| + «|k|3. One
could think that the dispersion is stronger for k > 0 than for k = 0 (and this is
certainly true for the linear part of the problem), but this does not help the study
of the nonlinear problem, because higher order derivatives also appear in the non-
linearity. In fact, this requires the introduction of new techniques. A more detailed
explanation about which are the new problems emerging in presence of surface
tension and why the techniques of [33] do not work for « > 0 is given in the lines
below (1.4).

To conclude this introduction, let us discuss the main ingredients in our proof.
Applying a Nash—Moser scheme, the main difficulty regards the invertibility of the
operator linearized at anonzero point. Asin [7-9,33], we seek a sufficiently accurate
asymptotic expansion of the eigenvalues in terms of powers of ¢ and in terms of
inverse powers of the spatial wavelength. To do so, we conjugate the linearized
operator to a constant coefficient operator plus a smoothing remainder which can
be handled as a perturbation term. (We remark that a similar eigenvalues expansion
was obtained in [33] using inverse powers 8[1 of the time-derivative, instead of
space-derivative 0, !, destroying the structure of dynamical system. Such a structure
is preserved, instead, by the transformations performed in this paper, as well as those
in [7-9].) To obtain such a precise knowledge of the asymptotic behavior of the
eigenvalues requires one to find the dispersion relationship associated to a variable
coefficient equation, which in turn requires microlocal analysis. In this direction, we
shall follow anow well developed approach in the analysis of water waves equations,
which consists in working with the Craig—Sulem—Zakharov formulation of the
equations, introducing the Dirichlet-Neumann operator. In particular, we shall use
in a crucial way two facts proved by LANNES in [38]. Firstly, by introducing what is
known as the good unknown of Alinhac (see [3,5]), one can overcome an apparent
loss of derivative in the analysis of the linearized equation. (Another advantage is
that, working with the Craig—Sulem—Zakharov formulation (2.1) of the problem as
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a dynamical system in two unknowns, and thanks to the good unknown of Alinhac,
here we do not need to introduce any “approximate inverse” for the linearized
operator, as it was done in [33].) Secondly, one can use pseudo-differential analysis
to study the Dirichlet-Neumann operator in domains with limited regularity. In
[3], this analysis is improved by showing that one can paralinearize the Dirichlet—
Neumann operator, introducing the paradifferential version of the good unknown
of Alinhac (see [4]). Notice that the analysis of the Cauchy problem for capillary
waves requires an analysis of the sub-principal terms (see [1,42]). In this paper,
we shall use in an essential way the fact that it is also possible to symmetrize sub-
sub-principal terms (the method used below can be extended at any order). We
underline, in particular, the use of a pseudo-differential operator with symbol in
Hormander class Sg’ s> 0 =8 = 1/2 (except for the fact that the symbol here has
finite regularity), see (9.2) and also the discussion about the related model problem
(1.4). Moreover, to apply a Nash—Moser scheme one needs tame estimates (these
are estimates which are linear with respect to the highest-order norms). We shall
use the estimates proved in [2] together with several estimates proved in Section 12
of this paper using a paradifferential decomposition of the frequencies.

Eventually, we refer the reader to [18,41] for recent results establishing the
existence of progressive waves localized in space.

The content of the next sections is as follows. In Section 2 the water waves
equations are written, some symmetries are shown (such symmetries play a role in
the bifurcation analysis of Section 4.1, especially to deal with the space-average
terms), the functional setting is introduced, and the main theorem is stated. Section 3
collects preliminary facts about the Dirichlet—-Neumann operator, and fixes some
notations.

In Section 4 we perform a bifurcation analysis. In particular, in Section 4.3
we construct an “approximate solution” i, which corresponds to the need of any
quadratic Newton scheme to have a sufficiently good “initial guess”. In Section 4.4
we exploit the (nonlinear) construction of Section 4.3 to deduce a restriction for
the (linear) problem of the inversion of the linearized operator F’(u) at a nonzero
point # which is close to it,. This restriction is given by a linearized version of the
Lyapunov-Schmidt approach first (Lemma 4.1), and then by a further restriction
with respect to the space frequencies only, closer to a dynamical system point of
view (Lemma 4.4).

In Sections 5-9 we conjugate the linearized operator F’(u) to the sum of a
constant coefficient part Dand a regularizing, small remainder R, see (9.53). In
Section 5 we use (a linear version of) the good unknown of Alinhac. In Section 6 we
perform a time-dependent change of the space variable, a (space-independent) re-
parametrization of the time-variable, and a matrix multiplication, to obtain constant
coefficients in front of the highest order terms, see (6.8). In Section 7 we symmetrize
the highest order terms, keeping altogether the few terms that are not small in ¢
(this is visible in (7.7)). Section 8 completes the symmetrization procedure, ob-
taining a symmetric part (see the operator matrix £s in (8.1)) plus a remainder
of order O(g|D,|3/?), after solving a block-triangular system of 8 equations in
8 unknowns. At this point the 2 x 2 real linear system can be written as a single
equation for a single complex-valued function 4 : T> — C, see (8.13).
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Here comes the most interesting part of our conjugation analysis, where it
the reason for which the method of [33] does not work in the presence of surface
tension becomes most evident. The point can be better explained when reformulated
in terms of a modified model problem (for the full operator see (8.13)).

e Model problem: conjugate the linear operator

wd; + ic| Dy + a(t, x)0, (1.4)

to constant coefficients up to order O(|Dy|3/?), knowing that c is a real constant,
and the variable coefficient a(t, x) is small in size, odd in t, and odd in x. The
technique used in [33] to eliminate the term a(f, x)d, was the one of conjugating
the vector field wd; + a(t, x)d, to wd; using a suitable change of variable, namely
the composition map with a diffeomorphism of the torus (this can be done by
the method of the characteristics, i.e. by solving an ODE). However, in (1.4), the
change of variables that rectifies wd; + a(¢, x)d, produces a variable coefficient
in front of |D,|3/2, which is even worse than (1.4) for our purposes. A similar
effect is obtained by any other Fourier integral operator (FIO) with homogeneous
phase function (recall that the changes of variables are special cases of FIOs). On
the other hand, one cannot eliminate a (¢, x)d, by commuting the equation with
any multiplication operator, or any other “standard” pseudo-differential operator of
order zero (with a symbol in Hérmander class Sg’ s With p = 1,8 = 0, see Chapter

7.8 in [27]). Indeed, the commutator between such an operator and |D,|3/? is
an operator of order 1/2, which leaves a(t, x)d, unchanged. Hence, the algebraic
rigidity of the equation forces us to commute the equation with a pseudo-differential
operator with symbol of type Sgy s wWith p = 8 = 1/2, see (9.2). In Section 9 we
calculate the right candidate to complete the reduction to constant coefficients up
to O(|Dy|~3/?). The study of this operator, namely the proof of its invertibility,
its commutators expansion and tame estimates, is developed in Section 12, using
pseudo-differential and also paradifferential calculus.

Once the linearized operator has been reduced to constant coefficients up to a
domesticated remainder (end of Section 9), its invertibility is straightforward by
imposing the first order Melnikov non-resonance conditions [see (10.2)], and is
proved in Section 10, where the dependence of the eigenvalues on the parameters
is also discussed. In Section 11 we construct a solution of the water waves problem
as the limit of a Nash—Moser sequence converging in a Sobolev norm, for a large
set of parameters, whose Lebesgue measure is estimated in Section 11.2. Finally,
Section 13 collects some standard technical facts used in the previous sections.

2. The Equation and Main Result

We recall the Craig—Sulem—Zakharov formulation which allows one to reduce
the analysis of the Euler equation to a problem on the boundary, by introducing the
Dirichlet-Neumann operator.

We consider an incompressible liquid occupying a domain 2 with a free surface.
Namely, at time ¢ > 0, the fluid domain is

Qt)={(x,y) eRxR:y<n(,x)}
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where 7 is an unknown function. We assume that the flow is incompressible and also
irrotational, so that the velocity field v is given by v = Vy ¢ for some harmonic
velocity potential ¢: 2 — R. Following ZAKHAROV [49], introduce the trace of
the potential on the free surface:

Yt x) =¢(t, x,n(t, x)).

Since ¢ is harmonic, n and i fully determines ¢. CRAIG and SULEM (see [23])
observed that one can form a system of two evolution equations for n and ¢ by
introducing the Dirichlet-Neumann operator G (1) which relates i to the normal
derivative 9,,¢.

Definition 2.1. Given any functions n, ¥ : R — R,set Q := {(x,y) e RxR|y <
n(x)} and define ¢ as the harmonic extension of i in Q:

Ap=0 in Q, ¢l,—y=v, Vo —>0 asy— —oo.

The Dirichlet-Neumann operator is defined by

Gy (x) = /1402 0,ply=y) = Byd)(x, n(x)) — nx(x) - (3x) (x, n(x)).
(We denote by 7, the derivative d,7.)

The water waves equations are a system of two coupled equations: one equation
describing the deformations of the domain and one equation coming from the
assumption that the jump of pressure across the free surface is proportional to the
mean curvature. Using the Dirichlet—-Neumann operator, these equations are

n =Gy,

1(G + )’ Q.1
ACULES AR S

where g and « are positive constants and H (1) is the mean curvature of the free

surface: 5
xM Nxx

Hon: ax(wh + (axn)2) (I+u3)32
The gravity constant g can be normalized by jointly rescaling the time ¢ and the
amplitude of ¥. With no loss of generality, in this paper we assume that g = 1.
Periodic solutions. We seek solutions u(t, x) = (n(¢t, x), ¥ (¢, x)) of system (2.1)
which are periodic, with period 27 in space and period T = 27 /w in time, where
the parameter @ > 0 is an unknown of the problem. Rescaling the time t — wf,
the problem becomes

1
0 +gn+ 5%? -

F(u,w) =0,
where F = (Fy, F2), u = (n, ¥) is 2w -periodic both in time and space, and

Fi(n, ¥) == wdim — Gy 2.2)

1

F = wd 1 2 1 G 2
2(77,1ﬂ)-—60z1ﬁ+77+§1/fx—5m( (MY + nxty)” —

« Nxx
(1402
(2.3)
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Functional setting. We use Sobolev spaces of functions with the same regularity
both in time and in space: consider the exponential basis {e!/"T/%) : (I, j) € Z?}
on T?, and the standard Sobolev space H* := H*(T?, R) on T? given by

H =1f= > fij ™ f1F= > i )" <oot,
(,j)ez? (1,j)e7?
2.4)
where (I, j) := max{l, |I| + |j|}. Also, we set in the natural way H* (T2, R?)
={u=(,¥) 0, ¥ € H} with norm [lu||} == [In]l] + ¥}

Remark 2.2. Regularity in time and in space could be handled separately, as it
is natural when thinking of the Cauchy problem (see [13]). However, we shall
consider changes of variables of the form (¢, x) +— (¢, x 4+ 8(¢, x)), which, in some
sense, mix the regularity in time and the one in space. To work with regularity in
the time-space pair is a convenient choice.

Symmetries. Because of reversibility in time and symmetry in space, the problem
has an invariant subspace, where we look for solutions: X x Y = {u = (n, ¥) :
neX, yev

X :={n(t,x): neven(t), even(x)}, Y :={v(t, x): ¥ odd(r), even(x)}.
(2.5)
The restriction to this subspace is used in Section 4.1 to deal with the space and
time averages, and in Section 9 [see (9.15)].

2.1. Main Result

We assume three hypotheses on the surface tension coefficient « > 0, which
are discussed in the comments below Theorem 2.4. First, k ¢ Q. Second, k¥ # po,
where py is the unique real root of the polynomial p(x) := 136x3 4 66x2 +3x — 8
(by the rational root test, pg is an irrational number, and it is in the interval 0.265 <
po < 0.266). Third, we assume that « satisfies the Diophantine condition

WT+xl+ j+/<j3|>;/—;1 VieZ, j>2, (2.6)
for some y, € (0, %), where 7, > 1. The next lemma says that (2.6) is a very mild
restriction on k.
Lemma 2.3. Let kg > 0, t, > 1. The set
K ={x €10, k0] : 3y« € (0, 1/2) such that k satisfies (2.6)} 2.7)
has full Lebesgue measure |IC| = .

The proof of Lemma 2.3 is at the end of Section 11.2. Note that almost all
positive real numbers « satisfy all these three hypotheses. The main result of the
paper is in the following theorem.
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Theorem 2.4. Assume that k > 0 is an irrational number, k # po, and k satisfies
(2.6) for some y, € (0,1/2), with v, = 3/2. Then there exist constants C > 0,
so > 12, g9 € (0, 1) such that for every ¢ € (0, eo] there exists a set G, C [1, 2] of
parameters with the following properties.
For every & € G there exists a solution u = (n,¥) of F(u,w) = 0 with
time-frequency
w =&+ et + ze’Ed?, (2.8)
where @ = /1 4 «k and the coefficients w>, @3 depend only on Kk, with @y # 0.

The solution has Sobolev regularity u € H* ('H‘z, Rz), it has parityu € X x Y, and
small amplitude u = O (¢). More precisely, u has e-expansion

n = &y/& cos(t) cos(x) + 0(82), Y= —8\/5?\/1 + k sin(t) cos(x) + 0(82),

where O(g?) denotes a function f such that 1fllsy < Cce?.
The set G, C [1, 2] has positive Lebesgue measure |G| > 1 — Ce
totically full |G.| — 1 ase — 0.

V18 asymp-

Some comments about the role of the three hypotheses on the surface tension
coefficient k:

1. The first assumption « ¢ Q implies that the linearized problem at the equilib-
rium # = 0 has a nontrivial one-dimensional kernel (see Section 4.1), from
which the solution of the nonlinear water waves problem bifurcates. Rational
values of ¥ would lead to a different bifurcation analysis.

2. The second assumption ¥ # po implies that the coefficient @, is nonzero (a
“twist” condition). As a consequence, the map £ — o in (2.8) is a bijection
for ¢ sufficiently small. Thus Theorem 2.4 gives the existence of a solution
of the water waves system with time-frequency @ for many values w in an
g2-neighbourhood of the “unperturbed” frequency @ := +/1 + «. Instead, for
k = po one should push forward with the analysis of the frequency-amplitude
relation, looking for a higher order twist condition.

3. The third assumption (2.6) on « gives a Diophantine control on the small
divisors of the unperturbed problem, and it is used in the measure estimates
in Section 11.2, see in particular Remark 11.3.

Remark 2.5. One could rename ¢ := ¢./& and work with one parameter ¢ instead
of two (¢, £). However, it is convenient to work with the two parameters ¢ and & to
split two different roles: & < 1 merely gives the smallness, while & € [1, 2] allows
to control the small divisors by imposing the Melnikov non-resonance conditions.

3. Preliminaries

Notations. The notation a <; b indicates thata < C(s)b for some constant C(s) >
0 depending on s and possibly on the data of the problem, namely «, vy, T4 [k is
the surface tension coefficient and y,, T, are in (2.6)].
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Given ¢ > 0, for functions u € H*(T?) depending on a parameter &€ € G C
[1, 2], we define

laells ™ = a3 + ellully? with
li lu(g1) — u (&)l
IS = sup lu@)ls,  ull'P = sup o252 (3D
£eg £1,62€G 161 — &2l

5178

Properties of the Dirichlet—Neumann operator. We collect some fundamental prop-
erties of the Dirichlet—-Neumann operator G that are used in the paper, referring to
[2,3,31,38] for more details.

The mapping (7, ¥) — G(n)¥ is linear with respect to i and nonlinear with
respect to 1. The derivative with respect to 1 is called the “shape derivative”, and
it is given by Lannes’ formula (see [38,39])

1
G'(mIily = lim ~{G(r + eMy — Gy} =—-Gm)(Bn) — (Vi)  (3.2)

where we introduced the notations

X ¥YXx G
B :=B(n,y) = W Vi=V@m,¥) =y — Bn..  (3.3)

Craig, Schanz and Sulem (see [22] and [47, Chapter 11]) have shown that one can
expand the Dirichlet—-Neumann operator as a sum of pseudo-differential operators

with precise estimates for the remainders. Using (3.2) repeatedly, we get the second
order Taylor expansion

1
Gy =GO + G (0)nly + EG”(O)[U, ny + G2y
1
= |Dx|¥ = [Dx|(n|Dx|¥) — 0x(ndx ) + §3xx(n2IDx|1//)
1
+ [Dx|(n| Dx|(n| Dx[¥)) + §|Dx|(712‘/fxx) + G4y, (3.4)

where G(0) = |Dy| and G>4(n)y is of order 4, such that G>4(n)y = Oy,
Moreover, it follows from [2, Section 2.6] that it satisfies the following estimate:
for so > 10 and any s > s9, if ||n|l5, is small enough, then

[G=4D¥ | gscry =5 10050y {109 o cmy Il sy + Il ooy 0 sy |-

(3.5)

A key property is that one can use microlocal analysis to study G. In the present

case the matter is easier than in a more general case, because the physical problem

has space-dimension 2 (see Definition 2.1, where the space variables are (x, y) €
Rz), it is periodic in the horizontal direction x € T, with infinite depth, so that

G(n) = |Dx| + R (), (3.6)
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where the remainder R = R (1) is bounded in ¢ and regularizing in x at expense
of 1. More precisely, there exists a positive constant § such that, for n(x), h(x)
functions of x only, independent of time, if |||l g5ty < J, then for any s > 1,

IRc MY llasry <s Il g+ 1Y | g2y

This estimate is proved in [2] (see Proposition 2.7.1 in Chapter 2, noticing that the
smallness condition on ||5]| -y assumed in this proposition is satisfied provided that
1l 5Ty is small enough). Moreover, if |7 55Ty < 8, then for all s > 4 and all
S5<u=<s-—1

NGV grery <s 1Yl gesiery + Il gs+r ) 1V gser)- (3.7

Similar estimates can be also proved for functions of (¢, x) € T2, where ¢ plays the
role of a parameter, using repeatedly the time-derivative formula

Gy =Gmdy + G Idmly = Gy — G (Bn,) — 3x(Vny)

(see the argument of Section 12.4, where it is explained in details how to extend
estimates for functions of x € T to include the dependence on time ¢ € T). Thus
in H*(T?) equipped with the norm || - ||y defined by (2.4), we have the following
(non-sharp) tame bounds: if ||]l¢ < §, then forall s > 2, m > 0,

IRGMIDx"¥lls <s 1Y lslnll7am + 1 1200 lls454m: (3.8)
if |[n]l¢ < 8, then, for all s > 6,

G lls <s 1¥lls+1+ lInlls+1ll¥lle- (3.9

Finally, regarding parities, we note that, if n € X, then G () preserves the parities,
namely G(n)y € X foryy € X,and G(n)y € Y fory € Y.

4. Bifurcation Analysis

Let us consider the linearized equations around the equilibrium (1, ¥) = (0, 0).
Directly from (2.2)-(2.3), one finds that the linearized operator is

Ly = F'(0,0) = (1 _‘“jéxx _ggto)). (4.1)
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4.1. Kernel

We study the kernel of L,,. Let n € X, ¢ € Y, namely

n(t,x)= > mjcost)cos(jx), Y(t,x)= > ysin(t)cos(jx),
120, j>0 =1, j>0
4.2)
where 7, ¥;; € R and, for convenience, we also define y;; := 0 for/ = 0, as it
does not change anything in the sum. Recall that G(0) = | D, ]|,

|Dylcos(jx) = [jlcos(jx), |Dilsin(jx) =|jlsin(jx) Vj € Z,
and |D,| = 0,H, where H is the Hilbert transform, with
Hcos(jx) = sign(j)sin(jx), Hsin(jx) = —sign(j)cos(jx) Vj € Z,
namely | D, |e¥* = | j|e!/*, Hel/* = —isign(j)e¥* forall j € Z. Hence

_ (=wlnij — jyuj) sin(lt) cos(jx)
Loln. y1 = 1/Z>:0 ([(1 + sz)%lj + a)llwlj] cos(lt) cos(jx)) ’ 4.3)

Assume that L, [n, ¥] =0, so that win;; + jy; =0= (1 + sz)ﬂlj -+ wlyy; for
all 7, j > 0. Since 1 —|—/<j2 > 1> 0, we get

wl
14+ «j
At ] = 0, this implies n79; = o; = 0 for all j > 0 (recall that ¥¢; = 0 by
definition, see above). For ! > 1, choosing w # 0, we deduce that at j = 0 one has
no = Yo =0 foralll > 1.

Hence 5, v can be nonzero only for I, j > 1. If (15, Y1) # (0, 0), then
Y1; # 0, and therefore (we assume w > 0)

_ViHe?)

l

Suppose that there are two pairs (I, j1), (l2, j2) that give the same w, namely

nj =— 2‘#1]7 {w lz_J(1+KJ )}WIJ—O

Ji@ ey St i)

I N I ‘
Taking the square Kk (j? % 22 B3I + (il — jol?) = 0. Now, if ¥ ¢ Q, then both
the integers (]l — Jj317) and (]112 — ]212) are zero, whence (2, j2) = (1, j1)-

Thus irrational values of k give a kernel of dimension one. We consider the simplest
nontrivial case (I, j) = (1, 1), and fix

»:=+14+k, k>0, k ¢ Q.
The factor

(12— j(A 4k} #0 VL, j=0, (1,j) ¢{(1,1),0,0). (44)
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The case (I, j) = (0,0), as already seen, does not give any contribution to the
kernel. Thus the kernel of Lg is

V:=Ker(Ly) ={Avg: 2 e R}, vg:= ( c0s(7) cos(x) ) . 4.5)

—w sin(t) cos(x)

There is some freedom in fixing another vector wq to span the subspace (I, j) =
(1, 1). It is convenient to define

Wi={m,¥) e X x Y :(42)holds, and (11, ¥11) = ¥11(&, D}

— Wi g W, (4.6)

where

A7)

WD = o : A € R}, wp = (a)cos(t)cos(x))

sin(t) cos(x)

and
W = {(n,¥) € X x Y : (42)holds, and ;; = ¥1; =0}.  (4.8)

Thus X x ¥ =V @& WD @ W& namely every u € X x Y can be written in a
unique way as u = avy + bwo + w, wherea, b € Rand w € W&,

4.2. Range

Like F,also Ly maps X x ¥ — Y x X. Let (f, g) € Y x X, namely
f,x)= D fiysin(t)cos(jx), g(t,x)= D gjcos(lt)cos(jx), (4.9)
1,j=0 1,j=0
with fi;, g;; € R, fo; =0forl/ =0, j > 0. By (4.3) (with » = ), the equation
La[n, v] = (f, g) is equivalent to
—alny = jvi; = fij. L +&jDm+ ol = g;. (4.10)
By (4.4),if (I, j) ¢ {(1, 1), (0, 0)}, then system (4.10) is invertible, with solution

_ (4w fij + dlgij

—olfij — jeij
n I/fl]— 5)212—]'(14—/(]'2) .

T (kD)

@11

For (I, j) = (0,0), system (4.10) is also invertible, with solution 790 = goo,
Yoo = O (remember that Yoo = 0 = fyo by assumption). For (I, j) = (1, 1),
system (4.10) has rank one, and it has solutions if and only if g;; + @ f1; = 0, in
which case the solutions are (11, ¥11) = (0, —f11) + A(1, —w), A € R (clearly
A(1, —w) corresponds to Avy, namely an element of the kernel V'). Thus

R :=Range(Lgy) = {(f,g) € Y x X :(4.9) holds, and g11 + & f11 = 0}
=R g R,

where

ROD = (g 2 € R}, 1g o= (5228 2228) @12
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and
RP :={(f,g) € Y x X : (49) holds, and f;; = g1; = 0}. (4.13)

There is some freedom in fixing another vector zg to span the subspace (I, j) =
(1, 1). It is convenient to define

o . __ sin(t) cos(x)
Z:={z0:2eR}CY x X, 70 1= (@cos(t)cos(x)) . (4.14)
Note that L is an invertible map of W* — R® and (using the equality &’ =
14+ k)

Lalwol = (@* + Dro = 2+ )ro,  dv0 = —20. (4.15)

Thus ¥ x X = Z@® RD @ R, namely every u € ¥ x X can be written in a
unique way as u = azg + bro +r, wherea,b € Randr € R . The formula for
the projection on rg, z is

(p sin(t) cos(x)

q cos(t) cos(x)

)Z)\rro—i_)‘ZZOs Ap = —E—f— d

P q
~ = Ay == gy ) GR‘
2 T T T

(4.16)

4.3. Construction of an Approximate Solution

We look for solutions of (2.1) with frequency w close to the “unperturbed”
frequency @ = +/1 + k. Write

w:d)+sa)1+s2w2+..., u:(n,¢)=8u1+82u2+...,

Fu) = (w—®)0u+ Lou +Nou) + Nsu) + ..., Ne(u) =Tilu, ..., ul,

where T} is a symmetric k-linear map, so that N> (u) denotes the quadratic part of
F, N3(u) the cubic one, etc.. We get

Fu) =eF| +62F + & F + e Fa + 0(&),
where fl = L@ul,

Fo = Lpuz + w10:uy + Toluy, upl,

F3 = Lpus + wp0iuy + w10iup + 2To[uy, uz] + T3[uy, uy, upl,

Fu4 = Lygug + 30,11 + w20;ur + widuz + 2T [uy, uz] + Trluz, us]
+ 3T3[uy, uy, up] + Taluy, uy, uy, upl.

We prove that there exist u1, us, u3, uq, @1, w2, @3 such that F(u) = 0(85).
Order ¢. F1 = 0 if and only if u; € V, namely u; = ajvg, for some a; € R,
where vy is defined in (4.5). We assume that a; # 0 (otherwise the construction of
u becomes trivial).
Order €%. The quadratic part of F [see (2.2)—(2.3)] is

_ 0x(N¥x) + GolnGovr]
nawn = (0 LG
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where, for brevity, we write Go := G(0) = |Dy|. More generally, if u’ = (', ¥')
and u” = (n”, ¢¥"), then

oo l Oy (n/’,ﬁf{ + 77”1//,(;) + GO[n/GOWN + U//Golﬂ/]
Dl wl=5 ( YL~ (Goy ) Goy") ) S

In general, for n, j > 0,
dx[cos(nx)dy cos(jx)] + Golcos(nx)Gocos(jx)]
L. . .
= EJ(IJ —nl+n—j) cos((j —n)x), (4.18)

and |j —n|+n— j =2(n — j)for j < n, and it is zero for j > n. In particular,
forn =1

dx[cos(x)dy cos(jx)] + Golcos(x)Gpcos(jx)] =0 Vj > 0. 4.19)

For u; = ajvg [where vq is defined in (4.5)], we calculate

-2
) _w 0
Doluy, ui] = aiTalvo, vol,  T2[vo, vol = T ([cos(2t) B 1]cos(2x)) . (4.20)

In particular, T>[u1, u1] has no component Fourier-supported on (I, j) = (1, 1).
On the contrary, d;u1 = aj9;v is Fourier-supported only on (I, j) = (1, 1). Split

ur» = axvy + bowo + alzwg, ar,bp e R, wy € W(#),

where wo, W& are defined in (4.7), (4.8). The equation Iz Fp = 0 (i.e. the
projection on the Fourier modes (I, j) # (1, 1)) is

at(Lywa + Talvo, vo]) = 0. 4.21)

Since L : W& — R isinvertibleanda; # 0, wesolve Lgwa+T>[vg, vo] = 0
and, by (4.11) and (4.20), we calculate

(@02 cos(2x) + a2y cos(21) cos(2x)
e ( P22 sin(2t) cos(2x) ) (4.22)
with
1+« 1+« P )
aQp = ———, oy = ——, — o
o 4(1 + 4«) 2 4(1 — 2) 22 2

(the denominators 1 + 4«, 1 — 2« are nonzero because k ¢ Q).

It remains to solve the equation 7, = 0 on (/, j) = (1, 1). By (4.15), the
component of Lguy that is Fourier-supported on (1, 1) is Lg[azvg + brwp] =
by Lalwo]l = ba(2 + «)rg. By (4.15), 0,u; = a10;,v9 = —ajzp, while To[uq, u1]
gives no contribution on (1, 1) according to (4.20). Thus the equation projected on
(1, 1) is

by(2+«)rg — wiaizo =0,
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where rg and zq are linearly independent. Since a; # 0, we have to choose w1 = 0
and b, = 0. There is no constraint on ay. It is convenient to fix a» = 0. With this
choice we have uy = alzwz.

Order &3. Since w; = 0, one has F3 = Lguz + wrduy + 2h[uy, ua] +
Ts3[u1, uy, ur]. Using the Taylor expansion (3.4) of G(n) at n = 0, for a general
u = (n, ¥), the cubic part of F is given by

— 10 (*Gow) — Go(nGo(nGoy)) — %Go(nzlﬁxx)) ‘

T3u,u,u] = ( (Gol//)(nwxx + GO(T]GQW)) + %Kax(n?c)

We calculate T3[uq, ui, u1] = a? T3[vo, vo, Vo], where vg is in (4.5):

T3( 1= - 2[sin(t) + sin(3¢)] cos(x)
310, Vo, Vo] = 32 \{(2+ 11k)cos(t) + (k — 2) cos(3t)}[cos(x) — cos(3x)]
(as usual, we have used that @*> = 1 + k). We also calculate 27> [u, us] =

2a3 T»[vo, wa]. By (4.17),
Tolvo. wa] = _ @ ({(oupz — a2) sin(t) + ap sin(37)} cos(x)
2000, T2l =y 22 [cos(t) — cos(3t)] cos(3x) ’

Split us = azvy + bsajwo + ajws, where as, b3 € R, w3 € W, and wo, W&
are defined in (4.7), (4.8). The projection on R of the equation F3 = 0 is

a3 (Laws + Mg (2T2[vo, wa] + T3[vo, vo, vol}) = 0 (4.23)

because u; = ajvg and up = a12w2. Since a; # 0 and L : W& —» R s
invertible, the equation (4.23) determines w3, which depends only on «.

Let us study the projection of the equation 73 = O on (/, j) = (1, 1). As above,
Lglazvo + b3afw0] = b3a?(2 + «)ro and d,u; = a19,v9 = —ajzp. Using (4.16),
we calculate the projection Il(j,1) on RYD @ Z (namely on the Fourier mode
¢, j))y=(0,1)inY x X):

3 - .

_ 9 (20[1600p — 8z + 1] sin(t) cos(x)

Ma,n @hlu upl+ T3lur. upuih) = =5, ( 2+ 1) cos(z) cos(x)

3

_ 9 B 2411k

- 32( {1600 — 8oy + 1]+ =~ )ro
’;

a4 B 2+ 11k
> (a)[16a02 Baza + 1]+~ — )zo.

Since vg and r¢ are linearly independent, I 1)F3 = 0 if and only if

’%
P 2411k
b3ad (2 + k) — —‘( — @[160t07 — Sorzy + 1]+ —— ) —0,
32 20
3
2411
—wray — a—‘(a‘)[léaoz —Sam 1]+ <) =o.
32 20
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Since a; # 0, the second equation determines w, as

2 - - _ o (4(01+k) 2(1+4«) 2+ 11k
Wy =ajy @, @ :=wn(k) =——— — 1+ — 0,
1+ 4« 1—2« 2(1 +«)
(4.24)

then the first equation determines b3 depending only on k. Note that @; is nonzero
for k # po, where pg is the unique real root of the polynomial p(x) = 136x> +
66x2 + 3x — 8 (after writing the common denominator in (4.24), one has @, = 0 if
and only if p(x) = 0). There is no constraint on a3. It is convenient to fix a3 = 0.
With this choice we have u3 = af (bzwo + w3).

Order *. In the previous steps we have found w1 = 0, wy = alzc?)g, and
Uy = ayvo, uz = ajwy, uz = a;(bswo + w3). Let us = agvo + aj (bawo + wa),
with as, by € R and wy € W, The equation F4 = 0 becomes

0 = w3a13,vo + a{ {bsLalwol + Lalws] + @28, wa + 2b3Ta[vg, wol + 2T (v, ws]
+ Ta[wz, wa] + 3T3[vo, vo, w2l + T4[vo, vo, vo, vol}. (4.25)

Its projection on R7), after eliminating the factor a‘l‘ # 0, is

Lalws] 4+ M ges {@20,w2 + 2T vo, b3wo + w3] + Ta[wa, wo]
+ 3T3[vo, vo, w2l + Ta[vo, vo, vo, vol} = 0.

Since L : W& — R is invertible, this equation determines wy, depending
only on k.
By (4.15), the projection of (4.25) on the Fourier mode (I, j) = (1, 1) is

at(ba2 + k) + a)ro + (—wsar + a)zo =0

for some real coefficients «, § depending only on k. We choose w3z = ,Baf and
bs = —a/(2 + k), and the equation is satisfied. We also fix a4 = 0, so that
Ug = a‘f(b4wo + wy), and rename a% =£>0,8:=w3 =w3).

In conclusion, we have found the frequency-amplitude relation

0=0d+ w4+ w3 = @ + 2k + e3ane? (4.26)

where the coefficient @, is nonzero and both @», w3 depend only on «, and an
“approximate solution”

U = i1 (§) = sit] + &20in + 3013 + ity
2¢ - 3£3/2 - 42 - (4.27)
= /vy + 26wy + £33 13 4 e*E g,
where v is defined in (4.5), Wy 1= wy € W), w3 := bawg + w3 € W, Wy 1=
bswo + wyg € W, such that F(u,) = 0(85). All vg, wy, w3, ws depend only on «.
Moreover u, is a trigonometric polynomial, Fourier-supported on cos(/t) cos(jx),
sin(/t) cos(jx), with both [, j € [0, 5].
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4.4. Restriction of the Linear Inversion Problem

In view of the Nash—-Moser scheme, we have to study the inversion problem for
the linearized system: given f, find & such that F/(«)[h] = f. In this section we
split this (linear) inversion problem in a way that takes advantage of the (nonlinear)
calculations we have already done in Section 4.3 to construct the approximate
solution u,.

We assume that u = i, + i and ||it]lgy40 < Ce2t8 where so > 2,0 > 4,
8 > 0. The linearized operator is

F'(w[h] = (*wy + &3 w3)dh + Lh + 2Ta[u, h] + 3T3[u, u, h] + N4 (w)[h]

where N> 4(u) denotes the component of F of order at least quartic. In the direction
h = U, := 1] + 2¢ii» + 3213 (which is 9,41, truncated at order £2) one has

F'(W[Us] = F'(w)liy + 2eiin + 36%i3]
= 2e{Lgluz] + Toluy, url}
+ eX{wardyity + 3Lalii3] + 6Taliy, itz] + 3T3[ity, iy, 11} + p
= —2&%wydi11 + p, (4.28)

where

= 83{6033,5“ + (02 + £03)8, {2ii + 3eiiz} + 6Toily, i3]
+ 2Toluz, 2up + 3eus) + 2To[us + cug, Ug] + 3T3(uy, uy, 2up + 3sus]
1 3T3[20) + ity + £2it3 + &3ila, ity + eil3 + £2ia, Ug]}

+ 2D, U] + 6 T[il, ity + sity + €2it3 + €y, U] + 313, ii, U]
+ Ny (ite + iD)[Ue].

To get (4.28) we have used the equalities F; = 0,7 = 1, 2, 3, namely the equations
at order &, 82, &3 solved in Section 4.3. For s > 50 > 10, we claim that the function
o satisfies

lolls <s & + litllsta- (4.29)

Indeed, directly from the above definition of p, this estimate is clear for all the
terms inside the brackets (recalling that iy are trigonometric polynomials). To
estimate the terms T»[ii, U, ], T3[i, it| + it + €2ii3 + &34, Ug] and T3[it, i1, U, ],
we use the usual nonlinear estimates in Sobolev spaces. The last term NZ , (i, +
u)[U,] is estimated starting from the linearization formula recalled below in (5.1),
using the estimates (3.5) and (3.7) for the Dirichlet—-Neumann operator and its
Taylor expansion, together with similar estimates for the Taylor expansion for the
coefficients B and V which appear in (5.1), see [2, Section 2.6] for these estimates.

Remember that —d,vyp = zo. Split the datum f = bzo + f , where b € R and
f € R. We look for & of the form

h=aU, +h = a(iy + 2¢iin + 3&%i3) + h,
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where a € R, h= fl(t, x) € W are unknowns. For & of this form,
F'w)[h] = aF' W)[U:] + F')[h] = a2e?wry/& 20 + p) + F'(w)[h].

Projecting onto Z and R, one has F'(u)[h] = f if and only if

(4.30)

a(2e?wy/E 20 + T zp) + Nz F'(u)[h] = bzo
allgp + N F'w)[h] = f.

Assume that the restricted operator [,g = IgF' (u)jw : W — R is invertible,
with
ICR) " gls <5 vy~ (lglls+2 + v lills4ollglso+2) (4.31)

for s > 5o, where y := ¢, p := 5/6. Then we solve for / in the second equation
in (4.30) and find ~ ~
h=(L)~'(f —allgp), (4.32)

with estimate

I2lls <5 ¥ I Flls2 + v Hlillsgo | Fllsorz + lale® + lills+o)),  (4.33)

because 82+‘3y_1 < l and o > 4. Substituting (4.32) in the first equation of (4.30)
gives

a{2ew\/E 20+ Tzp — Mz F' ) (LY) ' Tgp) = bzo — Tz F ) (L)™' f.
(4.34)
Since 1z Lg = 0, the operator Iz F'(u) starts quadratically, and it satisfies

ITIZF gllo < Cllullspt2liglla < Celiglls,s
ITIZzF' )(LR) " gllo <5 v gllsot2

for all g. As a consequence,

ITlZF ) (L) Trpllo <so &7 ollse42 <5 €10

Therefore the coefficient of azq in (4.34) is 22wy + 0(s?), which is nonzero for
£ sufﬁciently small because w; # 0. Hence from (4.34) we find a as a function of
b, f, with estimate

lal <5 &7 2(bl+ey " Fllspr2) <so & 2B+ Fllsgr2) <o 8720 lspra (435)
(we have used that~sy’1 < 1). Then, substituting the value of @ in (4.32), we
find a formula for 4 as a function of b, f. We have solved the inversion problem
F'(u)[h] = f. Since ||hlls = |7 + aUe|ls < [|hlls + C(s)lal, by (4.33), (4.35) we
get

Ihlls = 1F @) flls <o v 1 vz + e+ v iallsro 1 lsp42

< e (1 stz + 7 illsto | £ lsp42)- (4.36)

We have proved the following inversion result:
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Lemma 4.1. Let u = itz + ii, with ||iil|sp+0 < Ce>*® and sy > 2,0 > 4,8 > 0.
Assume that the restricted operator E;}/ = HgF'(u)\w : W — R is invertible,
and its inverse satisfies (4.31), where y = &5/°. Then F'(u) is invertible, and its
inverse satisfies (4.36) for all s > s.

The “loss of regularity” in (4.36) is due to the inverse (E}’-‘,V)_1 on the component
W, R, while the “loss of smallness” =2 (3> 1) in (4.36) is due to the inverse
on the kernel component V, Z. The starting point u, of the Nash—Moser scheme is
sufficiently accurate (F (it;) = 0 (&”)) to overcome both the loss of derivative and
the loss of smallness, and therefore we do not need to distinguish the components
on W, R, V, Z in the Nash-Moser iteration of Section 11.

In conclusion, we have reduced the inversion problem for the linearized operator
F'(u) to the one of inverting L% = NrF'(u)w:W — R.

In view of the transformations of the next sections, it is convenient (although this
is not the only option) to split the inversion problem for EYQV into its space-Fourier
components cos(jx), with j = 0,1 or j > 2, because these three cases lead to
different situations: j = 0, the space average, is the only space-frequency for which
L gives a triangular, not symmetrizable system; j = 1 is the space-frequency of
the kernel V; all the other j > 2 can be studied together using non-trivial infinite-
dimensional linear transformations and a symmetrization argument (Sections 5-9).

Thus, to solve the equation I1g F'(u)|w[h] = f, we split R = Ry @ R| & Ra,
where the elements of Ry depend only on time, those of R; are space-Fourier-
supported on cos(x), and those of R, are space-Fourier-supported on cos(jx),
Jj = 2.Denote Ry; := Ry ® R;. Decompose W = Wy @ W & W5 in the same way,
and denote Wy := Wo @ W1.Splith = ho1 +h2 € W, f = fo1 + f2 € R, where
ho1 € Woi, ho € Wy, and fo1 € Ro1, f2 € R>. The problem I—IRF/(M)|W[h] =f
becomes

[URmF/(u)[hm-i-hz]:fm, - [cg}hmuglhz: o,

, ol 5 “4.37)
Mg, F'(w)[ho1 + hal = f2, L5 hoy + L5hy = fa,

where /.Z%l = gy, F' () w, : W2 — Ry, etc..

Lemma 4.2. Eg% : Wo1 — Roq is invertible, with

NCLOD T Flls <s IF s + NiEllss2ll Fllsgs LD Fllsy <so 1fllso-  (4.38)

Proof. To invert 58{, we write the linearized operator as F'(u) = Lo, + N (u),
where N' = Ao +AN3+. . . is the nonlinear component of F, and L., is its linear one,
defined in (4.1). We begin with the invertibility of L, as amap of Wy; — Ry;. Since
L, maps Wy — Rg and Wi — Rj, “off-diagonal” one simply has ITg, L, w, =0
and HR1 Lw|W0 =0.

Step 1. The restricted linear part ITg,L,w, : Wo — Ry is invertible, because
the equation L,h = f in the unknown h = (n, ) € Wy with datum f = («, B) €
Ry is the triangular system wn’(t) = (), n(t) + oy’ (t) = B(t), where n, B
are even and ¥, o are odd, and n, V¥, «, B are functions of ¢ only (this calculation
has been done in Section 4.2 with w instead of w). Thus ||(ITg, Lw|WO)*1f||S <
Cllflls—q foralls > 1.
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Step 2. We prove that the restricted linear part ITg, L, w, : Wi — Ry is
invertible. Consider

n= > meos(r)cos(x). ¥ = > yrsin(r)cosx). Yo =0, 1 =y,

>0 >0

so that (n, ) € Wy (recall (4.7)). Similarly, let f = >, fi sin(lt) cos(x), g =
> >0 81 cos(lt) cos(x), with fo = 0 and g1 = —o f1, so that (f, g) € R; [recall
(4.12)]. Using the projection (4.16) for I = 1, the definition (4.12) of ro, the
assumption n; = @ and the equality 1 + k = @2, we obtain

Hlew(U,I/f)=( 0 ) +a1ﬂ1ro+2(_(‘”l”l+‘/fl)Sin(lf)COS(x))’

@10 cos(x) = (0% + wlyy) cos(lt) cos(x)

where o := (o + ®)(1 + ®*)/(2®). Thus g, Lo(n, ¥) = (f, g) if and only if
no = go/®*, Y1 = — fi/a, and

—olfi — g O fi + wlg

= gp e VT op g 122 @39

For all [ > 2 the denominator is w?[> — &> > CI?, therefore |n;| + || < C(| fil +
lg:1)/1 forall [ > 2. Hence Ig, Lyw, is invertible, with

(TR, Lojwy) ™ flls < ClLf lls—1

forall f € Ry,alls > 1.
Collecting Steps 1-2 we deduce that ITgy, Lojw,, : Wo1 — Roi is invertible,
with

(T gy, Loywo) ™ flls < Cllflls—1 Vf € Rot, s > 1.

Step 3. The linear operator A (u) does not contain derivatives with respect to
time, and it is a pseudo-differential operator of order 2 with respect to the space
variable x. Denoting Nj;, i, j = 1,2, the operator-matrix entries of N’ (u), for
h = (n(t) cos(x), ¥(t) cos(x)) € Wi one simply has

) _ (N1 N2\ (n(®)cos(x)\ _ Nyilcos(x)]
N@tnl = (N21 sz) (W(t) COS(X)) =n() (Nzl[COS(X)])

Niz[cos(x)]
Y (sz[COS(x)]>’

and similarly for 7 € Wy (just replace cos(x) with 1). Therefore, for all h € Wy,

IN @) we, [R11ls < C(so)ellhlls + C () llulls+2lhlls,

4.40
I @) wey [R1lls, < C(s0)ellllsg (40

because [|ulls,+2 < Ce. The conclusion follows by tame Neumann series. O
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By Lemma 4.2, we solve for kg in the first line of (4.37), and the system
becomes
(L3 + R)ha = fo — LILID ™ for. (4.41)

where
R = —L (LD LG : Wa — Ry,

Lemma 4.3. Let u = it + it, with ||il]|sy124m < C&* for some so > 2, m > 0,
8 > 0. Then the operator R defined in (4.41) satisfies for all s > s¢

IRID:|"hlls <5 &2 1hls + &lliills42+mllllso - (4.42)

Proof. (L£)1)~! is estimated in Lemma 4.2, and £9' = T,V (u)w,, satisfies
(4.40) because |[I1g,n|ls < ||i||s. It remains to estimate /.1%1. Let h = (n, ¥).
By the explicit formula (5.1), using integration by parts and the self-adjointness
of the Dirichlet-Neumann operator, it follows that both the first and the second
component of [Ty N/ (u)[9" h] have the form

(/T(??ao + ¥bo) dx) + (/T(Wl +Yby) dx) cos(x)

for some coefficients a; (¢, x), b; (t, x),i = 0, 1, depending on u and of size O (u).
Note that both the derivatives contained in A/'(x) and the additional derivatives
|D,|"™ go to the coefficients a;, b; and do not affect n, . Now, any function f (¢, x)
of the form f(z, x) = g(r) or f(z,x) = g(t) cos(x) satisfies || flls <s lgllys (as
usual, H’ means H*(T) where the variable is r € T). Also

<5 Inllzzmelall 2 g1 + 0l 2 1 a2 g
Hts :
< lnllsllal + lnl llalls

and similarly for ¥ b. Therefore, if ||ul|34m < C, we get || ITot N (u)[07 h]||s <
WAallslleell34m + 21| ]ls424m » and the lemma follows by composition. O

H / n(t, x)a(t, x)dx
T

Lemma 4.3 will be used withm = 3/2 orm = 2.
Using (4.37), (4.41) and the estimates for Lg%, E%l , Egl , we deduce the follow-
ing inversion result:

Lemma 4.4. Let u = ity + ii, with ||iil|lsp+0 < Ce>*° andso > 2,0 > 4,8 > 0.
Assume that E% + R : Wo — Ry is invertible, and its inverse satisfies

1L +R) " glls <5 v (Ilgllss2 + ¥ illsso lgllsor2) (4.43)

forall s > so, where y = &30, Then Eg = I'IRF/(u)|W : W — R is invertible,
and its inverse satisfies (4.31) (with the same o, y).

Remark 4.5. Collecting Lemmas 4.1 and 4.4, we have reduced the inversion prob-
lem for F’(u) to the one of inverting E%—f—R : Wo — R», where K% = Mg, F'(u)w,
and R satisfies (4.42). Therefore our goal now is to invert E% + R and to prove
(4.43).
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We finish this section with the following lemma, which rests on both the result
of Section 4.3 and property (4.28) of the linearized operator. Recall the definition

(3.1) of the norm || ||5P®.
Lemma 4.6. Let w, u. be as defined in (4.26)—(4.27). Then
— Li
IF (e, ) Iy <, &
forall s > 0.

Proof. By the construction of Section 4.3 it follows immediately that | F (i, ®)||5
<, &°. It remains to estimate the derivative e {F (e, )} = (Bew)dsite + F'(ide)
[0su¢]. Recalling (4.27) and the definition U, := i1 + 2¢iy + 3e2ii3, we get

Bgily = %Ug + 2%,
Hence, using (4.28), and recalling that wy = @,§&, for & € [1, 2] one has
0 (F (iic, ) = (c202 + s%ags”z)a,ﬁs + % F'(ie)[Ue] + 26*€ F' (i) [i0a]
=0 + 0(e%) + %(—28260281121 +p) 4+ 0(ehH = 0(e%).

Thus [|0:{F (i1, )} s <s &%, and the lemma is proved. O

5. Linearized Equation

The computation of the linearized equations is based on formula (3.2) for the
“shape derivative” of G (n)y. The derivative of the two components Fy, F, of F
[see (2.2)—(2.3)] at the point # = (1, ¥) in the direction u = (77, V) is

F{@)li] = w37 + 8, (V) = G (F — B
F)li] = o3 + Vo f = BGGNY + (1 + BV:)ii + BG (1) (Bi)
— kdx (1 +19)"?8,7),
as it can be checked by a direct computation, noticing that Bd, (V) — By, 7, +
anxﬁx = BV,1n, where B, V are defined in (3.3).
Notation: any function a is identified with the corresponding multiplication

operators h +— ah, and, where there is no parenthesis, composition of operators is
understood. For example, d,cdy means: h > 0y (coyh).

Using this notation, one can represent the linearized operator as a 2 x 2 operator
matrix

F'(w)li] = F'(n, ¥) m

_ wd; + 0V +G(n)B —G(n) 1
“ \(+BV,) + BGn)B —kdccdy wd +Vd,—BG)) |v]
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where

ci=(+n>H7" (5.2)
The linearized operator F’(u) has the following conjugation structure:

F'(u) = ZLoZ27, (5.3)
where

(10 (10 _(wd+aV =G
Z= (B 1)’ z _(—B 1)’ Lo = (a—;caxcax i + Vi) O

and a is the coefficient
a:=14+ wB; + VBy. (5.5)

Here, a, B, V, ¢ are periodic functions of (¢, x), namely they are variable coeffi-
cients. This conjugation structure is now well-known (see [38]). Formula (5.3) is
verified by a direct calculus, and it is a consequence of the following two facts:

(i) the pseudodifferential terms in F| and F} are equal except than for a factor
B. Hence they cancel in the sum Fz’ + BF/;

(ii) bothinthe sum F;+ B F; andin F; the quantity ¢ :=  — B arises naturally
and replaces ¢ completely. This ¢ is the “good unknown of Alinhac” (see
[3,5D).

Remark 5.1. Parities. Since u = (n,¥) € X x Y, it follows that B € Y, V =
odd(?), odd(x), c,a = even(t), even(x),and Z maps X — X and Y — Y.

We want to obtain a conjugation similar to (5.3) for E% + R, see Remark 4.5,
where R : W, — Ry satisfies (4.42) and £3 = Mg, F'w)w, : Wo — Ry
(remember that Ry, W5 are subspaces of functions that are space-Fourier-supported
on cos(jx), j > 2). Denote, in short, P, IF the projection

Ph(x) = Zhj cos(jx), Fh(x) = ho+ hicos(x),
j=2
where h(x) = ijo hjcos(jx). Clearly forall s > 0, m > 0, all A(z, x),
IPAlls < Ills,  N1Dx|"Fhlls < IFAlls < lhollgy + a1l < Iklls. (5.6)
We want to conjugate £3 + R = PF'(u)P + R. Let Z := PZP. By the parity of
B, the operator Z maps Ry — Ry and W, — W;. Moreover, by Neumann series,

Z is invertible (see Lemma 5.2 below). Using the equalities F'(u)Z = ZL and
I =P+ T, we get

(L3+R)Z = (PF' (w)P + R)PZP
= PZPLoP + PZFLoP — PF'(u)FZP + RPZP

whence o o ~
L34+ R=Z(Ly+Ro)Z™, Lo:=PLP, 57
Ro = Z YPZFL)P — PF' ()FZP + RZ}. '

The remainder R has size O (u4?) and it is regularizing of any order in d,. More
precisely, we have:
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Lemma 5.2. (i) Letu = i, + i, with ||it|sy+1 < Ce*d 50> 5,8 > 0. Then for
all s > so the functions B, V satisfy | Blls + | Vls <s lulls+1 <s &+ lltlls+1,
and

1(Z = Dhlls = CGo)llullso+1llnlls + C)llulls1llallsy- (5.8)

Also Z and Z! satisfy (5.8) (with possibly larger constants C(sg), C (s))~.
(ii) There is 0 > 2 such that, if ||illsg+o+m =< Ce>*3, then the operator Ry :

W2 — Ry defined in (5.7) satisfies for all s > sg
IRoIDx "l <5 &2lhlls + lliills-orm1hlls,- (5.9)

Proof. (5.8) holds because ||(Z — I)h||s < ||Bh||s. For Z use that PR < I2]ls,
for Z~! use tame Neumann series. To get the estimate for 7~€0, note that in FLyP
and in PF’(u)F there is no derivative 9;, because Fo;[P = 0 = P9;IF. Also use that
PZF=P(Z —DHF and FZP=F(Z — DHP. O

6. Changes of Variables

We have arrived at the inversion problem for ﬁo + 7~€o defined in (5.7), where

Lo = wB,—I—V@x—i-Vx _|Dx|_RG
0= \a —kcdyy —kerdy  @d + Vo, )

and |Dyx| + Rg = G(n). Our first goal is to obtain a constant coefficient in the
term of order 9. To do that, we use two changes of variables: a space-independent
change of the time variable (i.e. a reparametrization of time), and a time-dependent
change of the space variable.

We start with an elementary observation. Given b1, by, b3, b4 functions of (¢, x),

the system
biby _(fOY [t 2\ (PO
bybs)  \0g)\324)\0g¢q

has solutions f, g, p, ¢,

f=b—1, g=b—3, q=klb2p, p = any,
Ap A3p b1k,
if and only if b;, A; satisfy
bibs  Mha
bbs  Aaks

In particular, to have A; constant, it is necessary that b1b4 /b, b3 is a constant, and,
at the leading order, this is the condition we want to obtain after changing the
coefficients of Lo by the changes of variables.

First, consider the change of variable y = x 4+ (f,x) <& x = y + B(t, y),
where (¢, x) is a periodic function with |8,| < 1/2, and ﬁ(t, y) is given by the
inverse diffeomorphism. Denote

(Bh)(t,x) :=h(t,x + B(t, x)).
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Conjugation rules for 3 are these: B~'aBB = (B~ 'a), namely the conjugate of the
multiplication operator & > ah is the multiplication operator & — (B~'a)h, and

B~'oB = (B~ (1 + B:)}9y,
BilaxxB = {Bil(l + ,Bx)}zayy + (Bilﬁxx)ayy
B~'9:B =9+ (B~ By,
BT DB = {B~'(1+ B)}IDy| + R,
where R := {B~'(1 + Bx)}0y (B~'"HB — H) is bounded in time, regularizing in
space at expense of 1, because
B~ DB =B"'9,HB = (B~'9,B)(B~'"HB)
= {B7'(1 4+ B3, [H + (B~"HB — H)],

and (B~'"HB — ‘H) is bounded in time, regularizing in space at expense of 7 (see
Lemma 13.4 in Section 13.1 of the Appendix). Thus

£y -:B_ILOB:( d +a1dy + a2 —“3|Dy|+R1)

—Ka4dyy —Kkasdy +ag W +aydy
where the variable coefficients a; = a;(t, y) are

aj ;= Bil[a)ﬁz + VA + Bl ap = Bil(vx)v
az := B71(1 + By), ag =B~ e(l + )],
as =B chix +cx(1+ B0, a:=B'a,

and Ry := —Rg — B~ 'R¢B.

We want to conjugate Lo+ Ro = PLoP+ Ry. Let B := PBP. The operator B
maps Ry — R> and W, — W> and it is invertible (see Lemma 6.3 below). Using
the equalities LoB = BL; and [ = P + T, we get

B~ YLy +Ro)B=L)+7Ri,
with
L1 :=PLiP, Ry :=B YPBFLP — PLEFBP + RoB}.

Second, consider a reparametrization of time 7 =t + a(t) & t = v + «(7),
where «(t) is a periodic function with |&’| < 1/2, and &(t) is given by the inverse
diffeomorphism. Denote

(AR)(t, ) = h(t + a(t), y).

Conjugation rules for A are these: A~ 'a.A = (A~'a), namely the conjugate of the
multiplication operator & + ah is the multiplication operator & — (A~'a)h, and

A9 A =3y, ATDyA=D,l, AT'3A={ATN(1 + )},
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Thus

L= A_lﬁl.A _ ( wazd; + agdy + ag —ajo|Dy| + Rz)

—Kkaydyy —kapdy +ajz  wajd; + agdy
where Ry = A~ 'R 1A and where the coefficients a; = a;(t, y) are
7=A' 1 +d), @ :=A'a_7), k=8,...,13.

Note that a7(t) does not depend ony.

We want to conjugate L1+ Ry = PLP + R,. The transformation A maps
W> — W, and R, — R,, and commutes with P. Hence A := PAP = AP is the
restriction of A to the subspace W, or R;, and we get

A_l(il + 7%1)/1 = Ez + 7%2, Ez =PLoP, 7%2 = A‘llefl.
Following the elementary observation above, we look for «, 8 such that
ma% = dalopdil (6.1)

for some constant m € R. Since a7 = A~ (1 + '), aio = A az, a;1 = A 'ay,
and A~ is bijective, (6.1) is equivalent to

m(l +o')? = azaa. 6.2)

Since a3 = B~'(1 + By), as = B '[c(l + By)?], and o' = B~ ('), (6.2) is
equivalent to
m(l+ao)? =c(1+ ), (6.3)

namely mB A+ )P, x)" P =1+ B+ (¢, x). Integrating this equality in
dx, the term B, disappears because it has zero mean. Therefore

1 2
l+d @) =m™? (2—/ c(t,x)~'3 dx)
T Jo

Integrating the last equality in dz determines the constant m:

2 2 -32 )72
1 1 ~13
m = —/ —/ c(t, x) dx dt (6.4)
2w 0 2w 0

and, by (5.2), ¢c™'/3 = (1 + n2)!/2.
By construction, [m—1/2 (37 1 f ¢~ 13 dx)73/2 — 1] has zero average in ¢, there-
fore we can fix «(¢) as

1 1/2 1 o 1/3 e
a=09"{mY (E/o c(t, x)~V dx) -1/, (6.5)

where 8[1 is the Fourier multiplier

—3)2

) 1 .
97 tell = ﬁe’[l VI e Z\{0}, 8 '1=0.
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By construction, [m'3(1 + o)?3¢=13 — 1] has zero average in x, therefore we
can fix B(¢, x) as

g =0o7" [m1/3(1 + o' ), x)" 3 = 1] : (6.6)

where 9 ' is defined in the same way as 8,_1. With these choices of «, 8, (6.1)
holds, with m given in (6.4). We have found formulas

48 = 1+nx( /\/1+n§dx) ,
1 1 2 -3/2
1+Oé/(t)=\/—m(g/o \/1+T))26dX) .

Remark 6.1. Since ¢ € X, it follows that « = odd(z), even(x) and 8 = even(t),
odd(x). As a consequence, both the transformations A and B preserve parities,
namely they map X — X and ¥ — Y, and A~!, B~! do the same. Therefore

6.7)

ay,ag = odd(t),odd(x); az,a9 €Y; as,as,ae, a7, a,ai,as € X;
as, ajp = even(t), odd(x).

O

We follow the elementary observation above, with A1 = Ay = Aq = 1, A3 = m,

p=1.Let
a7 0 pl_ a71 0
“N\O0 apym~) “\o al_llm ’

10 (1 0
Q:= (O al_ola7) Q= (O aloa;l) ’

and calculate

£3 = P—IEZQ — (,()a-[ + al48y + ais _|Dy| + a16H + R3
—mKdyy + mkai7dy +maig  wdr + aisdy +aig
(6.8)
where, using (6.1),
— a . ai13 _ a a a
ai7 = =32, aigi= g2, a9 =mogh (ﬁ)r +mg (ﬁ))
and
a a 1 a
Ry = 105 [H, —7]+—R2—7. 6.9)
aj aio ay alo

The commutator [H, f] of the Hilbert transform H and the multiplication by any
function f is bounded in t and regularizing in y at expense of f (see Lemma 13.4
in Section 13.1 of the Appendix). To calculate (6.8) we have used (6.1).
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We want to conjugate £ +Ro = PLoP+R;. Let P := PPPand Q := PQP.
Using the equalities PL3 = L0 and I = P+ T, we get

PNy +R2)Q = L5+ Rs,
with
L3 :=PL3P, R3:= P YPPFL3P — PL,FOP + R, 0). (6.10)
Thus we have conjugate
Lo+ Ro=BAP(L; +R3)Q ' A'B7,
and the coefficients of d;, dyy, | Dy| in £3 are constants.
Remark 6.2. Using the parities of a;, i < 13, it follows that
a4 = odd(t), odd(y); ajs,ai9 €Y; aje, aj7 =even(r),odd(y); aig € X.
O

Lemma 6.3. There is o > 2 with the following properties. (i) Let u = ug + i,
with ||it]|sg40 < Ce** 50 > 5,8 > 0. Then all the operators B, A P, 0 map
W2 — Ws and R, — Rj, and they are all invertible. The inverse operators
B! A L p-1 Qi also map W — W, and Ry — Ry. All theses operators
satlsfy, for all s > s,

1Akl < Al + lillso Ml A€ {B.A P 0B A, P~ 07!}
(6.11)
(i) The functions a;(t, y), i = 14, ..., 19 satisfy

laialls + llaislls + llaislls + llai7lls + llais — s + llawolls <s &€ + llitlls1o-

(111) If lillsg+o4m =< Ce™*® for some m > 0, then for all s > sq the operator

R3: Wa —> Ry defined in (6.10) satisfies the same estimate (5.9) as Ro, and the
operator Rz defined in (6.9) satisfies

IR3I1Dx"hlls <s llhlls + lills+otmlhlls- (6.12)

Proof. (i) The proof of the invertibility of B is based on these arguments: B is
invertible of X — X and Y — Y; B — I is of order O(B) = O(¢?) in size
and of order 1 in 9y, therefore IF (3 — I)FF is small and bounded (because [Fo, is
bounded). As a consequence, FBF is invertible by the Neumann series. Then
PBPis invertible by a standard argument of linear systems. (See also the proof
of Lemma 9.3, where the same argument is used to prove the invertibility of
another operator, and it is described in more detail.) The invertibility of Alis
trivial, because Ah = Ah forall h € W, or h € Ry, and A is invertible. The
invertibility of P, Q, P, O follows by a Neumann series.

(i) Composition estimates for all a1, ..., ajg.

(iii) The estimate for 7~23 is proved similarly as for 7~2(), see Lemma 5.2. The estimate

for the term R in R3 comes from (3.8). O
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7. Symmetrization of Top Order

From now on, we will use Fourier multipliers | D,|* also for negative powers
«. Even if our operators act on periodic functions, it is convenient to define their
symbols on all R, and to fix the following definition.

Definition 7.1. Given o € R, the operator |D,|* is the Fourier multiplier with
symbol g, (&), where g, : R — R is a C* function such that g, (£) > 0 for all
§ € R, go(§) = [§]% for [§] = 2/3, and g4 (§) = O for [§] < 1/3.

Hence for any periodic function A(x) = > jezhj e¢'/*, from the definition one
has |Dy|*h(x) = > ;4o h;lj1*e7*, for any & € R (and note that the frequency
Jj = 0 becomes irrelevant after applying the projection P).

Now let g : R — R be a C* function such that g(&§) > 0 for all £ € R, and

3
Let A be the Fourier multiplier of symbol g. Let

1 0 1 1 0
$=(0m2a): 5= (gmrRanr).
where m is the real constant in (6.8), so that
A m!/2B3 A + B
Ly =518 = 172 \ 1 1 )= (A2L B3+)
m~V2A-1C3 A71D3A C3 Ds

(A3 Bs
£y = (C3 Ds) ’

where, in short, A3, B3, C3, D3 are the entries of L3 [see (6.8)]. Recall the asymp-
totic formula for the composition of the Fourier multiplier A and any multiplication
operator h +— ah:

1
1 2\ 2
g) = ( T KE ) VIEl =2/3;  g§):=1 V[§] <1/3. (7.1)

(7.2)

o]

1
A(au) ~ Z oy (9%a)(x) Op(ng)u, (7.3)
n=0 ’

where Op(ag g) is the Fourier multiplier with symbol 8? g(£). Thus AT = A3 =
wd; + a]48y +ais,

Bf = —T + VmaigH|Dy| ™" />(1 = k3,)'/* + Vm R3 A (7.4)
Ci=T+ Vmrayr ATy 4+ mk(ar7)y (AT1)18y + Vm(aig — HAT!
+mm+ Ry ¢ (7.5)
DY = wd; + arady + (@14)y (A~ 1Ay + (@14)yy (A~ D2 ADy + arg
+ (@19)y(A™NA +RT ), (7.6)
where

T := J/m|Dy|"2(1 — k)%, (1.7)
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e 7y is the space average, mo(h) := % f’Jl‘ hdx;

o (A1) :=0p(—ide(1/g)) and (A1), := op(—ag(l/g)) are the terms cor-
responding to n = 1 and n = 2 respectively in the expansion (7.3) of A™';

e the remainder R;“C satisfies (6.12) with m = 3/2 (use Lemma 12.10 with

B = 0 to estimate the remainders in the composition formula for A_1a17,
A~ 1(a13 — 1), and use the bounds in Lemma 6.3 to estimate a7 and (a18)y =

(a1g — Dy);
e theremainder R*D satisfies (6.12) withm = 2 (use Lemma 12.10 with 8 = 0,
and the bounds in Lemma 6.3 for a4, ai9).

Note that, regarding size,

PLIP = (“’7?’ ;aT,) P+ 0(e). (7.8)

1
=1 = Rl = 5 7.9)

Then |r;| < Cy | 7173 for all j # 0, for some constant C, > 0 depending only on
k. Therefore

For |j| > 1, let

(1 — kdy)'? = k| Dy| + —=|Dy| ' + Ry + 70 (7.10)

f

where R, is the Fourier multiplier of symbol r; in (7.9), which satisfies
Re|DxPhlls < Cellh|ls for all s. Similarly, we expand

_ 1 _ 1 _ _
A 1=7|Dy| V2= Iy 00Dy,
A = ———ID,|7PH + oDy |77
(A = 2f| |7PH A+ 0(Dy 77,
(A = —4f| W72 03D,

Each remainder denoted by O(|D,|*%) in the last three equalities is a Fourier
multiplier whose symbol g(&) satisfies |g(§)] < C(1 + [£))“ for all £ € R, for
some C > 0 depending only on «. Using the equality d, = —|Dy|H, we get

By = =T + /miais|Dy|"*H + O(IDy| /%) (7.11)

Cy =T — miar|Dy|"*H + axs| Dy | + m o + 0Dy /%) (7.12)

DY = wd; + aisdy + az7 + ax| Dy|T"H + O(IDy|7*?) (7.13)
where

m 1 1
ass == % (a1 — 1) — E\/m’( (a17)y, a7 :=a9 — E(al4)y,

3 1
axg = Z(al4)yy - §(a19)y~
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The three remainders denoted by 0(|Dy|_3/2) in (7.11), (7.12), (7.13) all satisfy

(6.12) w~ithm =3/2. }
Let S := PSP = PS = SP, and note that S~! = S~ P. Define

(A4 By
L4 = (C4 D4) , (7.14)

Ay = w0 + a149y + ays,

By = —T + /mk a16|Dy|1/2H,
Cy:=T — /mk ar7|Dy|"*H 4 aps| Dy| '/,

Dy = wd; + a149y + az7 + 028|Dy|_1H~

Thus y y y y
S™NLs 4+ R3)S = L4+ Ra,

s . e (7.15)
L4 :=PL4P, R4:=PLT — LyHP+ S 'R3S.

Unlike in C ;‘ , the average term 7 is not present in C4 because 7P = 0.

Remark 7.2. By the parities of a;, i < 19, one has ax;5 € X, ax7 € Y, arg =
odd(t), odd(x).

Lemma 7.3. (i) The Fourier multiplier S is an operator of order 1/2, with ||Sh||y <
Cllhlls+1 /2, for all s € R. S is invertible, and ||S~"h|ls < Cl|hlls, for all s.
Moreover S, S~ satisfy the same estimates as S, S~ respectively.

(i) Thereiso > 2 suchthat, ifu = it +ii, with |[ii||sp+0 < Ce>*, 50> 5,8 > 0,
then for all s > sq

lasslls + lazzlls + llazslls <s & + llills4o-

The operator 7~24 : Wo — Ry defined in (7.15) satisfies the same estimate (6.12)
as Ra, withm = 3/2.

8. Symmetrization of Lower Orders

Let

Ls = (A5 —Cs) ’ As = w0 + a140y + ax + a30'H|Dy|_l, @.1)

Cs As Cs :=T+a31H|Dy|l/2+a32|Dy|_l/2,

so that L5 is a “symmetrized” version of L4 in (7.14). The coefficients a9, a3, a31,
asp are unknown real-valued periodic functions of (z, y). We prove that there is a
transformation

M- (1 g) v =1+ vH|Dy|™" + va| Dy| 2,
Ov)’ g=g3|Dy|_3/2+gSH|Dy|_5/2,
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where vy, v4, g3, g5 are real-valued, periodic functions of (z, y), such that L4 M —
MLs = 0(|Dy|_3/ 2. Using formula (7.3) to commute |Dy|* with multiplication
operators, namely

(s—1)

_ S . _
|Dyfa = a|Dy|* + say|Dy|" " "H — "——ayy | Dy[* 7% + O(IDy[*2)

and also the fact that H commutes with multiplication operators up to a regularizing
rest that enters in the remainder of order O(IDy|_3/ 2), we calculate the entries of
the matrix

£4M_M£5=(A4—A5—gC5 B4v+C5+A4g—gA5)‘

Cy4 —vCs Div — vAs + Cag

To make the notation uniform, we write d, = —H|D,|, 0yH = |Dy|, and HH =
—1 + mp. In the following calculations, remember that m, x are constants, i.e. they
do not depend on (7, y). Denote, in short,

A= mk.

Position (1,1). Calculate gCs = Ags + (g3az1 + Ags)H|Dy|~! + O(1Dy|72).
As a consequence, Ay — As — gCs5 = 0(|Dy|_2) if

ajs —ax — gz =0, (3.2)
azo + Ags + gzaz1 = 0. (8.3)

Position (1,2). Calculate

Byv = =T + Mais — v)HIDy"? + 1{3 (2)) — v4 — argv2}I1D,| 7'/
+0(IDy| 73,

Asg = gwd: — augsM|Dy|7'/2 + 0(IDy| /%),

gAs = gwd. — gaaiH|Dy|"/? + O(I1Dy|7/%).

Therefore Byv + Cs + Agg — gAs = 0(|Dy|_3/2) if

Maig —v2) +az; =0, (8.4)
M3 (v2)y — v4 — aieva} +az = 0. (8.5)

Position (2,1). Calculate
vCs=T + (a31+Av2)H|Dy|"/? + (az2 — vaazy + Ava)| Dy|™/2 + O(IDy| 7).
Therefore C4 — vCs = O(|Dy|~3/?) if

Aaiy7 + azr + Avp =0, (8.6)
azs — azp + v2az; — Avg = 0. 8.7
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Position (2,2). Calculate

Dyv = vwd; — aigH|Dy| + (az7 + ai4v2)

+{o2)r + a14(v2)y — aigvs + azyvz + 028}H|Dy|_1

+ 03Dy,
VAs = vwd; — a14H| Dy | + (a9 + v2ai4)

+ (@30 — va(aia)y + vaaze — vaara)H|Dy| ™' + O(IDy|72),
Cag = rgs + M3 (g3)y + g5 — ar7g3VHIDy |~ + 0(IDy 7).

Therefore Dgv — vA5 + C4g = O(|Dy|_3/2) if

ay; —ax + g3 =0, (8.8)
w(v2)r + (a14v2)y + v2(az7 — ax9) + azg — azp + )»% (g3)y
+igs — Aay7g3 = 0. (8.9)

Solution of the symmetrization system. (8.2)-(8.9) is a system of 8 equations in
the 8 unknowns v, v4, g3, g5, a29, azo, a31, azy. First, we solve (8.4) and (8.6),
which give

1 A
v =5 (a16 —ar7),  az = —5 (ai6 + ar7). (8.10)
Next, we solve (8.2) and (8.8), which give

1 1
a9 =3 (a15 +az7), g3:= ET (a15 — az7).

Then we solve (8.5) and (8.7), which give

1 3A
vg = o (7 (v2)y + v2(azr — Aae) + azs) ,

1 3\
ax =3 (()»alﬁ +az)vy — > (v2)y + azs) ,

and then (8.3) and (8.9), which give

1
85 = {o@2): + (a14v2)y + v2(azs — ax) + axg + k% (&3)y

+g3(as; — Aarp)},
1
a0 =3 {o2): + (a14v2)y + v2(azr — az) + axg + )»% (g3)y — g3(a31
+Xai7)}.

System (8.2)—(8.9) is solved. To be more precise: the system is solved up to a
remainder, say R., which is arbitrarily regularizing and is the sum of a fixed, finite
number of commutators, all of the type [a, H], where a is a multiplication operator
h +— ah by a real-valued function a(z, y).

We have found M, Ls suchthat Rs := L4M —MLs = 0(|Dy|_3/2) and, more
precisely, Rs satisfies (6.12) with m = 3/2. Let M := PMP, which is invertible
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by the Neumann series. By the equalities L4M = M L5 +Rsand I = P+ F we
get
M! (54 + 7%4)](4 = ,55 + 7%5, 55 = PL5P, (8.11)
Rs = M {R4M + PRsP + PMFLsP — PLFMP}. (8.12)

Both 1 and i are real-valued. Therefore, using the complex representation
h:=n+iy € Cof the pair (, ) € R?, n = Re (h), ¥ = Im (h),

Ls = wd, +iT + aiady +iaziH|Dy|"* + azg + iazp| Dy|™V? 4+ azgH|Dy| 7'
(8.13)

Remark 8.1. By the parity of a;, i < 28, it follows that
a9, g3 €Y; az,gs=o0dd(r),0dd(x); az,vs € X; azj,va=even(t),odd(x).

Hence v maps X — X and Y — Y (it preserves the parity), g maps X — Y and
Y — X (it changes the parity), and M maps the product space X x ¥ = {(n, ¥) :
n € X,y € Y} into itself. In complex notation, M : (X +iY) — (X +iY).
The operator £5 maps (X +iY) — (¥ + i X) (and this is obvious, because L5 =
M 'LuM,and L4 : X x Y — Y x X).

Lemma 8.2. There is 0 > 2 such that, if u = u + u, with |it]lsy+o < Ce?ts
s0>15,8 >0, then

llaxolls +llasolls + llasills + llaszlls + lv2lls + llvalls + lg3lls + llgslls
<s &+ lillsso,

andRs : Wr — Ry defined in (8.12) satisfies the same estimate (6.12) as R3, with
m=3/2.

9. Reduction to Constant Coefficients

We have arrived at L5 + Rs, where L5 = PLsP, L5 is defined in (8.1 )(and T
in (7.7)). Rename the variables y = x, t = t. Consider a transformation A of the
form

h(t,x) = > hj(0)el™ >  Ah(t,x) =D hj(t) p(t.x, j)e?D,
= JjEZ

where the amplitude p(z, x, j) is a symbol of order zero, periodic in (¢, x), the
phase function ¢ (z, x, j) is of the form

ot x, j) = jx +1j1"*B(t, x), 9.1)

and B(t, x) is a periodic function, with |By(¢,x)| < 1/2. A is a periodically-
t-dependent x-Fourier integral operator with non-homogeneous phase function.
Moreover, A is also the pseudo-differential operator Op(a) of symbol

a(t,x, j) = p(t, x, jelil"?pa0 9.2)
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in Hormander class S | (except for the fact that @ in (9.2) has finite regularity).
Let

[N}
[N}

D:=wd, +iT +ir|Dy|"* +ir_1|De| "2, 9.3)

with A1, A_; € R. In this section we prove that there exist real constants Ay, A_;
and functions p(z, x, j), B(t, x) such that LsA — AD = O(|Dy|3/?).
Let 7 : R — R be a C* function such that

T(€) = (mlE|(1+ D2 VIE[>2/3; () =0 V& <1/3, (9.4

so that Op(r) = T on the periodic functions. By Lemma 12.10, the commutator
[T, A]is given by

5
1 : )
[T, A] = Z ; Op(8;la) ¢} Op(l "Bg"c) +Ra1, Rai = O(|Dy| 3/2)7

n=1 "

where a is defined in (9.2) and the remainder R 41 is estimated in the proof of
Lemma 9.5. Here only terms with n < 5 are relevant for our purpose, because

Op(dia) = O(IDy|"/?), Op(i "3} 1) = O(|D;|>"), and 24+3—n<-3for
all n > 6. Now, using (7.9) and proceeding like in (7.10),

N

. 31
Op (i~ '9g7) = 7|Dx|1/27-[— e

|Dy|7*H + 0(1Dx17773),
31 _ _
== 1Dl 21 0(1Ds1773),

31
=3 |Dy|7*H + O(1Dx17773),

45\
= ——— D[ 7PH + O(ID|71?).

)
)

itofT) = ?_2 |Dx| 7% + 0(1Dx17%73),
)= %

Each remainder of the type O (| Dx|%) in the last five equalities is a Fourier multiplier
(independent on (¢, x)) that comes from a Taylor expansion in & of a derivative of
7 (&), and whose symbol g (&) satisfies |g(§)] < C(1+1|&))* forall £ € R, for some
C > 0 depending only on k, and g(&) = O for |£] < 1/3. We also calculate
. /2
dva = {ilj|'? pBy + px}e'lP,
. . TH
ora ={ = 1jlpB: +iljl'"*@peBy + pBor) + parfe’VI P,
da = { —iljI’pBi = 31j1Bx (PP + PBrx)
. ii1/2
+ l|]|1/2(3pxxﬂx + 3pxBrx + PBrxx) + Pxxx}ell'll ﬁv
. . THZ
dfa = {1jIPpBy — iljI>(4p:B + 6pBBex) +rife P,
. T
07a = {iljI? pB3 + ra}e'V P,
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where r, = 1r4(t, x, j), @ = 1, 2, is a function that can be explicitly calculated and
satisfies

lra Gy Dlls < A+ 1D UBls+3 +llp — Uls42) Vs =1, =12, jeZ
The composition d, A is
0 AR =" hj(ijp+ilj|'"*Bep + pr)e?D.
JEZL
Composition formulas for |Dy|"A, H|Dx|"A can be obtained by applying
Lemma 12.10. In particular, the composition H|D|!/?A is
HID. | 2Ah =" hjc(t, x, j)e® "D + Rysh,
J#0

o 1 YN P B !
(. x., ) = =i sen(DIj|2p =i 5 Bop + 1| ”z[lgsgn(”ﬁﬁp‘zm}

N R LI
+ 17l [Ssgn(J)(Zﬂxprrﬁxxp) t16/3xp],

the composition | D, |~1/?A is

D 72AR =" hje(t.x, e D + Rpzh,
j#0

172

o TR B
c(t,x, jy=1jI""*p—1jI™" 7 sen(/)Bp;

the composition H|D,| "' A is
HIDL| T A= "hjc(t. x, )P+ Ragh, (. x, j)=—1j""i sgn(j) p;

j#0
and the commutator [0;, A] = 0;A — A9, is

[0, Alh =" hje(t, x, je'®C57),
JEZL

c(t,x, j) = pi(t,x, )+ il j1"2 B, ) p(t, x, ).
The remainders R 42, Ra3, Ra4 are all operators of order —3/2, and they are
estimated in the proof of Lemma 9.3. Using the expansions above, we calculate the

difference
L5A — AD = E + Ras, 9.5)

where
Ras :=iRa1 +iaz1Rar +ianRaz + azoRa4 9.6)

and E is the operator h = Eh =3, 7 h;(1) c(t, x, j) ¢/?(:%.7) having the same
phase function ¢ as in (9.1), and amplitude

3
ct,x, j) =ijp (zxﬁx+al4)+ ST T®pI 4@ x ) O
—2<k<l1
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for j # 0, and ¢(¢, x, 0) = wp; + axp for j = 0. The terms T®) in (9.7) are the
linear differential operators

7O = vDa, 4o — i,
TO = w, + v, + 40,

7D = oi Vo + 08, 407" —iney,
TR R P e PR )

with coefficients

il = sgn(j)3—A, o) = sgn(j)az) +i (wﬁ, + % B2 +a14ﬂx) , (9.8)

o= 22 ﬂx +ag, o)) ( Brx + : 5 a31Px +a29) - ngn(j)% B 9.9)
oD = —i%, o V= —Sgn(])*ﬂx ; as1, (9.10)
w5 = —sgn(j) ( B Brx + a31/3x) +i (27 Bl +a3z) ©.1D

_ _ |
v = isgn(j)— Be, v Y= 3—2 % B3 4 isgn(j) (1—6 Bux + 6131/3x) . (9.12)
1)(()_2) = ( ﬁxﬁxx 6 a3lﬂx)

o s A 1 1 S
+isgn(j) _ﬁ By + 16 Bxxx + §a3lﬂxx - 5“32ﬂx —asy — m Bx)-
(9.13)

The function 7 (¢, x, j) in (9.7) collects all the terms of order O(|j|~>/?) coming
from Op(dya) o Op(i_”ag’t), 1 < n < 5inthe commutator [T, A], and it satisfies

17 Gy Dlls < 1132 UBNs+3 + 1p — Lls2) ¥s > 1, j € Z\{0}. (9.14)

Our goal is to choose A1, A_1, B, p such that the amplitude c(z, x, j) in (9.7) is of
order O(|j|73/?). For j = 0, we simply fix p(¢, x, 0) := 1, so that c(t, x,0) =
axy(t, x). For j # 0, we split the construction into several steps.

Elimination of the order 1. The function a4 is odd(¢), odd(x), therefore it has
zero space-average, and 3 'a14, which is the dx-primitive of a14 with zero average,
is well-posed. We fix

B(t, x) = Pot) + i1(t,x), P1:= _ﬁ 3 'ana, (9.15)

where B (¢) is a periodic function of # only, which will be determined later (see the
next step). We have eliminated the terms of order O(]j|) from (9.7). Since a4 is
odd(z), odd(x), we get 81 € Y.

We seek p under the form

pt.x. )= > 1jiI"*p™ . x, j).

—3<m<0
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with all p bounded in j. Then, by linearity, (9.7) becomes

k+m
ctox y= > 1 TP 4@ ). 9.16)

—2<k<l1
—3<m=<0

Elimination of the order 1/2. To eliminate the term of order 1/2 from (9.16),

we have to solve the equation
TOp®1=0 9.17)

in the unknown p©@. Write p© as
PPt x. ) =exp (ft.x, ), (9.18)

so that (9.17) becomes the equation

v fe i) —in =0 (9.19)
for the unknown f. The coefficients vf ), v(() ) are given in (9.8). Equation (9.19)

has a solution f if and only if
/ (0"t x, ) —ir)dx =0 Vi €T, jeZ (9.20)
T

We look for By (#), A1 such that the (crucial) average condition (9.20) holds. Remem-
berthat 8 = Bo+B1, where B (¢, x) has already been determined in (9.15) and By (¢)
is still free; By = (B1)x because By depends only on ¢. Moreover, fT azpdx =0
because a3 is odd in x. Therefore (9.20) becomes

@ Po(t) — A1+ p(t) =0,

where

R 3 o doo | 2 4
p(t) '_E/o (w(ﬂ1)t+?(/31)x+a14(,31)x) X=—g Tal4 X

((B1): has zero space-average because 9 Y414 has zero space-average). We fix

P /ZH (t)dt = ! / 2 dxdt,  Bo:= 1er‘( A1)
1 .= 2]_[ 0 10 - 877,'2)\. 'JTZ a14 X ) 0 -= @ t p 1)
(9.21)

and (9.20) is solved. A1 is a negative real number, and By is a real-valued function
of ¢, independent on x, j. Then (9.19) has solutions

2
fx, )= folt, )+ At x, j), - fii= == sgn(j) o g —inn) 922)

where fo does not depend on x and it will be determined in the next step. p@ =
exp(f) solves (9.17). Since B; € Y, it follows that p € X, and therefore Sy € Y.
Thus B € Y, namely B = B(z, x) is a real-valued function, odd(¢), even(x),
independent of j. A direct calculation gives

2 1 20
f1:—3—3x a31+lsgn(])3—Xaxl(2)L a o+ == ™ —l 13,a14)
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Remark 9.1. By the parity of a;,i < 34,and 8 € Y, it follows that the coefficients
v,(,f ) have the form

v, ,vl_l) =sgn(j)a+ib, a€ X, b=-even(t),odd(x);

v(()l), vé_l), v(()_l) =sgn(j)a +ib, a =-even(t),odd(x), b€ X;

v 0P = isgn(j)b, a = odd(r), odd(x), b€ Y;
v oS 0 = a+isen(j)b, a €Y, b=odd(r),odd(x),
where a, b denote (different) real-valued functions of (¢, x), independent of j.

By the parity of vél) (see the previous remark), f1 has the form
fi=a+isgn(j)b, aec X, b=even(t),odd(x), (9.23)

with a, b real-valued functions of (¢, x), independent of j. In particular, fj is
even(t).
Elimination of the order 0. The order zero in (9.16) vanishes if

T(l)[p(*l)] + 7O [p(O)] =0. (9.24)

In general, for any function g, one has

TDlexp(f)gl = exp(f) v{Vg, (9.25)
by (9.19), and

TOlexp(f)g] = exp(f) (b0 +wgi +v{8:) . b = wfi + [ o+ 0.

(9.26)
In particular, for g = 1, we get TO[p©@] = exp(f) b?. By variation of constants,
write p— 1 as

—1 0 -1
=D .= p© -1

p ¢V =exp(f)g

Equation (9.24) becomes
v gD 4 p® =0 (9.27)

in the unknown g~ Since vil)

only if

is a constant, (9.27) has a solution g~ if and

/b(o)(t,x, jdx=0 VreT, jeZ (9.28)
T

Remember that f = fy + f1, where f| has already been determined in (9.22), and

fo = folt, j)isstill atour disposal. Thus 5@ = & (fo)i+o (f1)+v" (f1)x+v)".

By (9.23) and Remark 9.1,

o (0 + 0\ (f)e + v

for some a, b real-valued functions of (z, x), independent of j. Therefore

=a+isgn(j)b, acY, b=odd(t)odd(x),

/T (a)(fl)t + va)(fl)x + v(()o)) dx = odd(?)
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is a real-valued function of ¢ only, independent of x, j, with zero mean (because it
is odd). We fix

Lo,
for=——o" [/T (@ + 02w+ ) dx},

and (9.28) is satisfied. fp is a real-valued even function of ¢ only, independent of
X, j. A direct calculation gives

1 2
= —— 0, _— d .
0= "m0 [/E (azg 3km4a31) x}

Remark 9.2. f and 5 are of the form

f=a+isgn(j)b, aec X, b=even(r),odd(x), (9.29)
b =a+isgn(j)b, aecY, b=odd(r),odd(x), (9.30)

where a, b denote (different) real-valued functions of (¢, x), independent of ;.

We choose
g Vax =g N e ax . gl = —% sen(j) ;' (0©),
9.31)
where g(()fl) (¢, j) will be determined at the next step. (9.27) is satisfied. gifl) is of
the form
¢ =sen(j)a+ib, a=o0dd(t),0dd(x), beY, (9.32)

for some a, b real-valued functions of (7, x), independent of j.

Elimination of lower orders. Once the first two steps in p are done (i.e. elimi-
nation of orders 1/2 and 0), the algorithm proceeds in a similar way. For the sake
of completeness (and to obtain A_1), we write the calculations for the order —1/2
in details, then lower orders will be similar.

Elimination of the order —1/2. We have to solve

T(l)[p(—Z)] + T(O)[p(—l)] + T(—l)[p(o)] =0 (9.33)

in the unknown p~2) (and also g~" is still free). By variation of constants, write
P =exp(f)g=?. By (9.25) and (9.26),

TV P = exp(f) v} gl
T<o>[p<—1>]:exp(f){ bOgD 4 gD 4y 1>},

Recall that (=1 = g(()_l) + gi_l). Let

b = exp(— ) (TOLPV1+ TV O]) =605V +ar(gy+rD,
(9.34)
where

_ —1 -1 O 1
rCD =006 L w(gl ™)+ v{” (g +exp(—f) TV PO
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Thus (9.33) becomes

Vg2 4D = 0. (9.35)

If
/b“”(z,x, j)dx=0 VreT, jeZ, (9.36)

T
then (9.35) has a solution g(~2). By (9.34) and (9.28), the average condition (9.36)
becomes
2w (gy )i, ) +/ rV(@, x, j)dx = 0. (9.37)
T

If

/ r&V @, x, jydxdr =0, (9.38)
']1‘2

then we can choose gé_l) such that (9.37) is satisfied. By (9.32), (9.30) and Re-
mark 9.1, one proves that (=D has the form

r&Y =sgn(j)a +ib—ir_y, a=even(t),odd(x), be X, (9.39)

for some a, b real-valued functions of (z, x), independent of j. We fix

1
)u_l = W/q\rz b(t,x) dx dl, (940)

where b in (9.40) is the function b in (9.39), so that (9.38) is satisfied. Note that
A_1 is a real number. Then we fix

_ 1
g =——8:1(/Tr<‘“(r,x,j)dx),

2w

and (9.37) is satisfied. By (9.39) it follows that g(()_l) is a purely imaginary, odd
function of ¢, independent of x, j, and therefore

gD =sgn(j)a+ib, a=odd(t),odd(x), beY, (9.41)

for some a, b real-valued functions of (¢, x), independent of j. Thus (9.36) is
satisfied. We choose

2
— -2 s -2 . -2 . — —
g =g e NV ), g = —sgn(/) 3+ o 0. (9.42)

where g(()—z) is free (it will be fixed in the next step), so that (9.35) is satisfied. b~
is of the form

bV =sgn(j)a +ib, a=even(r),odd(x), b€ X,

)

therefore gf_z is of the form

g1(_2) =a+isgn(j)b, a € X, b=-even(r),odd(x),

where a, b denote (different) real-valued functions of (¢, x), independent of ;.
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Elimination of the order —1. We proceed similarly as in the previous step,
with TV [pED] 4+ 7ED[pO7 instead of TCV[p@7; ¢ instead of g=2;
etc. There is no need of leaving géfs) (t, j) free, as this is the last step: so we fix
gé_3)(t, j):=0,and g := g§_3). Regarding parities, we obtain coefficients of
the form

r2 b =a +isgn(j)b, a €Y, b=odd(r),odd(x),
g(_2) =a +isgn(j)b, ae€ X, b=even(t),odd(x),
¢ =sgn(j)a +ib, a=odd(t),odd(x), beY,
where a, b denote (different) real-valued functions of (¢, x), independent of j.

We have found A1, A_1, B(t, x), p(t, x, j) such that the amplitude c(z, x, j) in
(9.7), namely (9.16), is

ct.x, ) = |j"HT O [pE] + TED[pED) 4 7DDy
+ 1T HT TN + T2 [pP)
11 T2 4 r (1 x, ) (9.43)

for all j # 0, and therefore the difference Rg := L5A — AD = E + R 45 in (9.5)
is of order —3/2.

Lemma 9.3. There exist constants o,C > 0 such that, if u = u. + u, with
litllsp+o < Ce?td 59 > 5,8 > 0, then Rg := E + Ras given in (9.5) satis-
fies, for all s > s,

IR6|Dx 2 hlls <5 elllls + lills+o 1 ll5,- (9.44)

The transformation A : L*(T?) — L2*(T?) is invertible. Both A and its inverse
Al satisfy, for all s > s,

[ARllo + A Rllo < Cllkllo, I1ARIs + AT Rlls <5 1215 + Nitlls1o 1 2lls,-
(9.45)
Both A and A~ preserve the parity, namely they map X +iY into itself. and Y +i X
into itself.

Proof. By Lemmas 6.3 and 8.2, the functions ai4, a9, azo, asi, az all satisfy
llaills <s & + |lit]ls+o. Therefore, by the construction above, ||B||s, ||p — 1|, and
| T®[p™|s, for all T®[p™7] in (9.43), are all bounded by C(s)(¢ + ||ii]ls40)
(with a possibly larger o). The function r in (9.43) satisfies (9.14). Hence c in (9.43)
satisfies

leCy - Dlls <5 171772UBNs+3 + P — Uls12) <5 17172 (e + llills0) ¥s > 1

for all j # O (with a larger o), while, for j = 0, one has ||c(-, -, 0)||s = |la29|ls <s
& + ||it||s+o- The composition E|D]3/? has amplitude c(z, x, 1jI3?% and phase
¢ (t, x, j), and therefore, by Lemma 12.9 applied with B = E|Dx|3/2,

IEID:1*?hs <5 ellblls + liEllsto Il s
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To estimate R 41, we apply Lemma 12.10 withT' =T, g(§) = t(§),r = m = 3/2,
so =1, N =9,and Ra1 = 2 ,_67.5 Be + Ry (in the notation of Lemma 12.10).
The operator B, has some amplitude function ¢, (¢, x, j) and the same phase func-
tion ¢ as A. Each term in the amplitude ¢, @ = 6, 7, 8, can be explicitly calculated
and therefore easily estimated. Hence the estimate for By | Dy |?/? follows from
Lemma 12.9 applied with B = B,|D,|>/?. The bound for Ry|D,|>/>, N = 9,
is obtained by applying Corollary 12.12. Since R41 = Bg + B7 + Bg + Ro, this
proves that

IRa1IDx 1205 <5 ellblls + it llsto I ls,-

The other remainders R 42, R a3, R a4 are estimated in the same way as for R 41,
applying Lemma 12.10 with I' = H|D,|"/? or |D,|~"/? or H|D,|~', with the
corresponding order r = 1/2 or —1/2 or —1, with m = 3/2, 59 = 1, and suitable
values of N. Then R 45 in (9.6) also satisfies the same estimates as R 41, and the
proof of (9.44) is complete.

The invertibility of A and the estimates for A, A~ follow from Lemma 12.9,
using that || p — Uiy + 1Blly <y & + liilly+o-

A function hi(t, x) = > .7 hi(t)e'** belongs to X +iY if (i) h_i(t) = hy (1),
and (ii) h_x(—1t) is the complex conjugate of A (¢). In the construction of the
functions S(t, x), p(t, x, j), the parity of each component has been calculated.
Using such parities, one can directly check that A maps X + iY into itself. O

To proceed as in the previous sections, we need A := PAP to be invertible.
Split L>(T?, C) = Hy; @ Ha, with

{h h »(t)e"fx e LX(TH },
{
|

Hy =

Hy =1h= Z hj(te® e LX(TH ¢,

so that IF is the projection onto Hy; and P is the one onto Hj.

Lemma 9.4. There are o, C > 0 with the following property. Let u = ug + u, with
litllspro < Ce*10, 5 <50 <5, 8 >0, & € (0,80(s)) for some ey(s) depending
ons.

Then the operator A = PAP: H, — H> is invertible. Both A and its inverse
A~ satisfy the same inequalities (9.45) as A, A=, and preserve the parity, namely
they map Hy N (X +iY) into itself and H, N (Y + i X) into itself.

Proof. Leth € Hyy,and write h = vo+v;+v_j, where v; := h(t)e'/*. Recalling
that the symbol of A is (9.2), we have (A — I)h = bovy + b1vi + b_1v_1, where

bi(t,x) = p(t,x, j)ei|j|1/2ﬂ(t,X) 1.
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By constr.uction,.p(t, x,0) = 1, whence by = 0. For j = £1, we split peiﬂ —1=
(p — De'? + (e — 1) and use the bound [p — 1ls + IIBlls <y & + lliills4o to
deduce that [|b}|ls, < Ce and ||bj|ls <5 & + |lit||s+o for s > s0, j = 1. Hence

Ibjvillo = Clibjlisolivillo = Cellvjllo, 11Bjvjlls <s €llvjlls + litlls+ollvjlls
for j = %1, and therefore, by triangular inequality,

(A = Dhllo < Cellkllo, (A = Dhlls <s ellhlls + llills+olIhllsy, YR € Hor,
(9.46)
all s > so. We have used the inequality >, ;< [vjlls < CCXj;<; Ivj D)2
(which holds for sums of a finite number of terms) and the formula (3 j lv; ||§) 12 =

[I7]ls (which holds not only in Hyq, but, more generally, for all h € H*® (Tz), all
s > 0).

Now |Ph|ls < |Alls, IFR|s < ||h||s forallh € H*(T?),and PAF = P(A—I)F.
Thus, using (9.46),

IF(A — DFhllo < Cellhllo,  IF(A = DFh|ls <s ellhlls + llalls+o 17 lls
9.47)
IPAFh|o < Cellhllo,  IPAFRls <s ellhlls + lltlls+o llRll5 (9.48)
for all h € L?(T?). Since F : Hy; — Hy is the identity map of Hyj, by the first
inequality in (9.47) and by Neumann series it follows that FAF = F+F(A — I)F :

Hyp, — Ho is invertible if ¢ is small enough. Using also the second inequality in
(9.47) and Neumann series, for € < go(s) for some gy (s) depending on s we get

I(FAF) 'hllo < Cllhllo, I(FAF) 'hlly <s Ihlls + lills+o lhlly — (9:49)

forall 1 € L?(T?). We also note that, by Lemma 12.9 (applying directly the bound
for A, without estimating A — I'), we have

IFAPhllo < Cllhllo, IFAPRIs <5 IAlls + lills+o 12lls (9.50)

for all h € L*(T?).

Since A is invertible, for every f € L? there is a unique & € L? such that
Ah = f.1In particular, for every f> € H, there is a unique & = ho; + hy € L?,
with ko1 € Hpp and hy € H,, such that Ah = f>, namely

FAFhg + FAPh, =0, , hot = —(FAF)~'FAPh,,
ie.
PAFhg, + PAPhy = f5, [PAP — PAF(FAF)~'FAP)hy = f>.
Then for every f> € Hj there is a unique hy € Hj such that Mhy = f>, where

M = PAP — PAF(FAF) 'FAP. This means that M : H, — H, is invertible. Its
inverse satisfies

M~ fallo = llh2llo < lIkllo = 1A fallo < Cll f2llo 9.51)

for all f, € Hp (we have used Lemma 12.9). Moreover, for f, € Hy N H*,

1M~ falls = llhalls < Nkl = 1A falls <s ILfalls + liillsto | f2llsg- (952)
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Let R := PAF(FAF)"!FAP, so that PAP = M + R. Using (9.48),...,(9.52)
we get

IM~'Rhllo < Cellhllo, 1M~ 'Rhlls < ellhlly + llillsto 2]l
By Neumann series, it follows that I + M —I'R is invertible, with
I+ MR hllg < Clikllo, 1 +M "R hlls <5 1Al + lillstollBlls-

Hence PAP = M (I + M ~'R) is invertible, with (PAP) ! = I+ M 1R) 1M1,
and the estimates for PAP and its inverse follow by composition. O

By the equalities L5A = AD + R and I = P 4 FF we get

A Y Ls+Rs) A=D+Rs, D:=PDP=PD=DP, (9.53)
Re := A Y {RsA + PR¢P — PLsFAP). (9.54)

Lemma 9.5. In the assumptions of Lemma 9.3, the operator Re: Wa — Ry defined
in (9.54) satisfies, for all s > sq, the same estimate (9.44) as Re.

Proof. The operators A, A~ are estimated in Lemma 94, 7~25 in Lemma 8.2, and
Re, A in Lemma 9.3. To estimate PLslF, note that Po,F = 0, PTF = 0, and
10 Fhlls < Ihlls, IH|Dx|"2Fhly < ||kl forall h € HS(T?),alls > 0. O

10. Inversion of the Restricted Linearized Operator

Recall that our goal is the restricted inversion problem in Remark 4.5. The
diagonal operator D := DP : W, — Rj, where D is defined in (9.3), has purely
imaginary eigenvalues

Dle'"" cos(jx)] = i(wl + pj) e’ cos(jx),
, 301/2 12 12 (10.1)
wj=r3( +ej) A A e R,

withl € Z, j > 2, where we denote A3 := /m. Let y := &/ > 0, r := 3/2, and
assume that w satisfies the first-order Melnikov non-resonance condition
|wl+uj|zﬁ Viez, j>2. (10.2)
J

Then D has inverse

- hosetlt B
Dt x) = Y l’f— cos(jx), D':iRy — W,
leZ,szl(w + )

of order O(|Dy|3/?) and size 1/y, namely
IDx| 7D~ s < v~ |kl (10.3)

because |a)l~|—,uj|j3/2 >y foralll € Z, j > 2.
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By (10.3) and Lemma 9.5, writing explicitly the constant C(s), we have
IR¢D~"hlls = I(ReIDx*'*) (I Dx|7>>D~ s
Cs)y ™ elhlls + llillstollhlls)

1 -
Il + Cs)y Mitllsto 1A 1lsy,

IA

IA

where the last inequality holds for & sufficiently small, namely C(s)e!/® < 1/2.
Therefore, by tame Neumann series (see e.g. Lemma B.2 in [7], Appendix B),
(g, + R6D 1) is invertible on H* N R,, where Ig, is the identity map of R», and

(g, + ReD™H)* ks < 2llAlls +4C )y~ liillsro 1B lls,-
As a consequence, D+ 7@6 = (g, + 7@675_1)75 : Wo — R, is invertible, with

1D +Re) ' hlls <5 ¥~ Uhllsse + ¥ Nillstorolllls)- (10.4)

In Sections 5-9 we have conjugated the restricted operator E% + R (see Re-
mark 4.5) to D+ 7%(,,

L3+ R =0 (D+Re)P; ", (103)
@, := ZBAPSMA, ®,:= ZBAQSMA. '

All these operators have been estimated in the previous sections (they are all
bounded, except S, which is of order 1/2). By composition, we obtain the following
result.

Theorem 10.1. (Inversion of the restricted linearized operator) There are o, C > 0
with the following property. Let u = itg + i, with ||it||sy+o < Ce?t8 5 <9<,
8 > 0, ¢ < go(s) for some go(s) depending on s. Assume that the first Melnikov
conditions (10.2) hold. Then the operator E% + R : Wy — Ry is invertible, with

1L3 +R) ™ hlls <5 v lhlls2 + v lillsto I7]lsy)- (10.6)

By Theorem 10.1 and Lemmas 4.1 and 4.4, we deduce (with a larger o if
necessary)

Corollary 10.2. (Inversion of the linearized operator) Assume the hypotheses of
Theorem 10.1. Then the linearized operator F'(u) : X x Y — Y x X is invertible,
with

IF' )" hlls <5 &2 (lhllsy2 + ¥~ lillsro llso)-

For u, , h depending on the parameters (¢, &), using Corollary 10.2 we prove
a tame estimate for F/ (1) ™! also in Lipschitz norms (3.1) (with a larger o > 6).

Lemma 10.3. (Inversion in Lipschitz norms) Let 5 < 5o < s, u = ity + U, where
g is defined in (4.27) and u = u(e, &) is defined for parameters € € (0, g9), & € G,
with g = &o(s) < 1, G C [1,2]. Let ||u||1“01ﬂ(§) < Ce** § > 0. Let w be given by

(4.26). Assume that (10.2) holds for all ¢ € G. Then

_ L _ Li _ ~Li L
LF" Qo) RIS <g e 2ARIER + e 72l 2 Rl ®). (10.7)
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Proof. Denote A; the linearized operator F'(u) whenu = u; := u(&;), w = w(&;),
i = 1,2, and denote h; := h(&;). Thus

ATy = A hy = AT Thy — hol + AT (Ay — ADAS iy
A7', A5 satisfy (10.6). The difference Ay — Ay is
(A2 — ADh = {@ne® (&2 — &) + 5)3(523/2 - €13/2)}3th

1
+/ Ny + 0 (s — uy))[uz — uy, h1d?,
0

where N (1) is the nonlinear part of F (). Since ||it, ||L‘ip(8) <s

(A2 — ADhs ~ 1 lip ~ 1 lip ~ | sup
— = Ss Ellhllsra + lullg, + el o lall o) 1R +2

e, we get

&2 — &1
—1y ~(Lip(e)
<s ellhllyra + & il 5" 1hlls+2
—1y ~yLip(e)
<s ellhllyr2 + e~ Nl Ey" Nl

and the thesis follows by composition. O

10.1. Dependence of the Eigenvalues on the Parameters

The constants A3, A1, A_1 in the formula for the eigenvalues w ; in (10.1) depend
on the point u = (7, ¥) where the linearization F’(u) takes place, and on w. In
particular, A3 depends only on u by formula (6.4), namely

1 2 1 2 =3/2
A3 =A = = — — J14+n2d dr. 10.8
3 3(u) = /m 2 o (271/0 + n3 x) (10.8)

A1 depends on u, w by the following formula (which is obtained using (9.21) and
going back with the changes of variable .4, B of Section 6 in the integral)

_ 1 1+ By
82 /khz(u) Jr2 1+ /(1)

where V is defined in (3.3), «, B are defined in Section 6 and satisfy (6.7). To
write an explicit formula for A_; is possible, but more involved and not neces-
sary for our purposes. Anyway, A_j is the space-time-average of a polynomial
function of a4, azy, az;, az» (and their derivatives), @, w~!, A3, k;l with real co-
efficients. Hence this is a polynomial function of a7, . . ., a13 (and their derivatives),
w, 0 !, A3, Ay ! and, going back with the changes of variable .4, B of Section 6 in
the integral, one obtains for A_; a similar result as for A. Thus we have:

A=, w) = [wB; +V (14 B)1*dr dx, (10.9)

Lemma 10.4. A3(u), 11 (1, ), A—1(u, w) are szunctions of (u, w) in the domain
lulloy < 8, w € [%&), %J)], where oo > 0 is a universal constant and § > 0 depends
only on k.

As a consequence, ifuy, up areinthe ball ||u;lls, < 8,1 = 1,2, then | i (u1) —
A2)| < Clluy — uzllog, k =3, 1, =1, where C > 0 depends only on k.
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The number ¢ in Lemma 10.4 can be explicitly computed by counting how
many derivatives of u are involved in the transformation procedure of Sections 5-9.

For (u, w) depending on the parameters (e, £), we deduce the following expan-
sion for A3, A1, A_1:

Lemma 10.5. Let u = u, + u, where u, is defined in (4.27) and u (e, &)
is defined for parameters ¢ € (0,¢e0), & € G, withey < 1, G C [1,2]. Let
||12||](;(1,p(6) < Ce?t 5 > 0. Let w be given by (4.26). Then A3, A1, A_1 depend on &
in a Lipschitz way, with

3 . . .
A= 1—1—662$+r3, I3 [HPE) < €3, |aq|HPE 4 a_ |HPE©) < €2 (10.10)

wherery == A3 — 1 + %825.

Proof. By (4.27), (4.5), n = &/ cos(t) cos(x) + O (£?). Therefore the inequality
for r3 follows easily from formula (10.8). By Lemma 10.4, A1, A_ are functions
of (u, w) of class C2. Since u = e/Evy + O(¢?) (vg is defined in (4.5)) and
® = &+ 0(g?), one has

i (u, @) — A (eV/E vo, @)[HPE < Ce2, i=1,-1

by the mean value theorem and standard analysis for composition of functions.
Thus the inequalities for A1, A_; in (10.10) hold if

ri(eVEvy, @) = 0(e?), i=1,—1. (10.11)

To prove (10.11), let u = &/E vg, @ = @. By (3.3), V = e/Ewsin(t) sin(x) +
0(g%). By (6.7), a, B = O(g?). Therefore, by (10.9), we get (10.11) for A;.

To prove (10.11) for A_;, we compute the order ¢ of almost all the coefficients
in Sections 5-9, namely: a, ¢, B, V in Section 5; B, a, aj, ..., a9 in Section 6;
ass, ay7, azg in Section 7; ayo, . . ., azz, va, v4, g3, g5 in Section §; and, in Section 9,
B, o (withk = 1,0,=1, =2, m = 2,1,0), p©@, p&D p2 £ pO p=D,
gD, g2 and finally »~1, which gives A_; by (9.40). All these coefficients are
functions of the form

co+ c1ev/E Y (t, x) + 0D,
where cq, ¢] are real constants, and ¢ = cos(¢) cos(x), or ¥ = cos(t) sin(x), or
Y = sin(t) cos(x), or ¥ = sin(¢) sin(x). We calculate that the term of order O(1)
in A_j is zero, while its term of order O(¢) is automatically zero because i has

zero mean. The proof of (10.11) is complete. O

By (10.10) we deduce that the eigenvalues 1 ; in (10.1) satisfy

i — (G +xjH? < ce? 3. (10.12)
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11. Nash—Moser Iteration and Measure of Parameter Set

Consider the finite-dimensional subspaces E,, := {u : u = [1,u},n > 0, where

n n 3 1
N, :=NJ = No)*', x:= X No:=¢e P =g /Pl poi= — >0,
P1
(11.1)
and IT,, are the projectors (Fourier truncation)
Mu(t, x) ;== Z i D where u(t, x) = Z i) el (X,

[11+]j1<Nn IS4

We denote H,J; := I — I1,. The classical smoothing properties also hold for the
Lipschitz norms (3.1): for all «, B8, s > 0,

L L L — Li
Il B < Nl Imhully™ < NPl B (12)

Define the following constants:

1
d==, ay=6+0, a=p =%y,

2 (11.3)

2
k1 =3(c +4+4+2p1) + 1, ,31=3+0'+O{1+§K1+4,01-

All these constants depend only on o, where o > 6 is the loss of regularity in
(10.7).

Theorem 11.1. (Nash—Moser iteration) Let so > 5. There exists &y > 0 such that,
if e € (0, &), then, foralln > 0:

(P1), (Convergent sequence). There exists a function u, = u, + u, : G, <
[1,2] = Ep, § = un(§) = n(§), ¥n(§)), where i is defined in (4.27),
and ugy = ug, g = 0, such that

L ~ L
lunlly5S < Cue, NinlliBS) < Cue®*. (11.4)

The function u,, has parity u, € X x Y. The sets G, are defined inductively
by: Go :=[1, 2],

Onv1 =15 €Gn ¢ |0l + pj(up)| > JL, Vi € Z, jZZ], (1L.5)

where (i (u,) = 1! (&, uy(&)) are defined in (10.1). The difference h, =
Up — Up—| = Uy — Up—1, n > 1 (with hg := 0) is defined on G, and

||h ”1;015_(;) < C 82+8N oy C 82+3+9X (11 6)
IF @l < Cog* Ny = Cuet ",

(P2), (High norms). [ii, |"*) < C,NK" and || F (u) |27 < C.NJ

so+B1 s0+pB1
(P3), (Measure). Foralln > 0, the Lebesgue measure of the set Gy,\ G, +1 satisfies
1Gu\Gnr1] < Cue'/18270, (11.7)

In Sections 11.1, 11.2 we prove Theorem 11.1.
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11.1. Proof of the Nonlinear Iteration

In this section we prove (P1, 2), by induction. The proof of (P3), is in Sec-
tion 11.2. To shorten the notation, in this section we use the following abbreviations:
e = 1 ISP, Fyi= Fun), Lo o= F'(un). 51 = 50+ B

Proof of (P1,2)g. ugp = us, € Epif No > 5, i.e. for ¢ sufficiently small. By
Lemma 4.6, the bounds (11.4), (11.6) hold. To satisfy also (P2)o, take C, = Cy(s1)
large enough.

Assume that (P1, 2), hold for some n > 0, and prove (P1, 2),4+1. By (11.4)
and Corollary 10.2, F'(u,) is invertible for all £ € G, 1, and the inverse satisfies
(10.6), (10.7). For & € G, we define

Unt1 o= U+ Mgt hugr o= =Tt F () ™ F (). (11.8)

Let
Q(un, h) := F(un +h) — F(un) = F'up)h,  Qn = Qup. hpy1). (11.9)
By the definitions (11.8), (11.9), and splitting 1,41 = I — nt

n+1°

F(un+1) = F(un) + F/(un)hn+1 + O0n = Ry + Oy,

_ (11.10)
Ry = F ()T F () ™ F (un).
Estimate of Q. Forall h € E,41,by (11.2) witha = 2,
|Qun. W)ls <s |hlss2lhlsor2 + liinlsralhl} 4o G
1Qn. W)lsy <so Ny IRIZ.
By the Definition (11.8) of /41, (10.7) and (11.2) withe = 0, ¢ = 6,
|hn+l|sl 531 872N;,7+1(|Fn|s1 + 872|’2n|s1 |Fn|s0)7
56 (11.12)
[nnt1 |xo <50 € Nn+1 |Fn|so~
Then Q,, in (11.9) satisfies
[Onls) <5 8_4N:J:_110|Fn|so(|Fn|x1 + 8_2|ﬁn|s1 | Filso)s (11.13)
|Onlsy <so & *N\SLIFls,
Estimate of R,. The linearized operator L, = F’(uy) satisfies
|th|s =s |h|s+2 + |ﬁn|x+2|h|so+2’ |th|s0 fso |h|so+2 Vh. (11~14)

Then, by (11.2) with 8 = 1 — 2 — o and (10.7),

1 —1 -B —1
|RH|S0 <50 |Hn+1Ln Fn|so+2 =5 Nn+1|Ln Fn|so+2+ﬁ

_ — 2 2, ~
<51 2N, PO Byl + €72l | Falso)- (11.15)
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For the high norm, since H,J;H =1 —TIl,41,wesplitR, = F, — L,,l'[nHL;1 F,.
By (11.14) and (11.2) withe =2 + 0, o = 2,

-1 -1 ~ -1
|Lnnn+1Ln Fn|s1 5&1 |Hn+]Ln Fn|s1+2+|un|s1+2|nn+1Ln Fn|so+2

2+ -1 2~ 2 —1
<ot NyiTILy Fulsi—o + Nylitnls, Ny iy 1Ly, Falsg

2 -2 -2~
<s Nnj__fé‘ (|Fn|s1—a+6 + & |un|s1 |Fn|s0)

4 - 2
+Nn+1|un|S|8 |Fn|so+2

<51 € ENT (1 Fulsy + & 2litnlsy | Falso)- (11.16)

In the last inequality we have used the interpolation estimate

|’/~tn|s1 |Fn|so+2 =< |’/~tn|s1+2|Fn|s0 + |ﬁn|s0+2|Fn|s1

and then (11.2) with @ = 2 for u,, € E,,.
Estimate of Fy41. Since F,+1 = R, + Qp, by (11.16), (11.13),

Fusily <o e 2N+ 62N Fali ) (1Faly + e 2lnl | Falso)

<51 € ANTH (Fulsy + € 2liinls) | Falso)- (11.17)

Note that 8’2N5+1|Fn lso < 1 for ¢ sufficiently small, because oy > 6. Also, by
(11.15), (11.13),

_ — 2 9~ _
|Fatilsy <si € 2N 250 Falyy e 2 linlsy | Fulsg) +e N8 IF 2. (11.18)

Estimate of t,+1.By (11.12), and using that i, | = ﬁn+hn_|r1,5_2|F,,|S0 <1,
we get
ling1lsy <51 € >Ny Uitnlsy + [ Fals))- (11.19)

Let B, := |iinls, + | Fuls,- From (11.17), (11.19), using thats_QIF,,|x0 <1, we get

Bui1 < Ce 2NT/{ B, < CNJHP'B, Vi =0,
for some C = C(s1) independent of n, because ¢ ~% = Ng'o I < Nfill. Hence, by
induction, B, < C'N,,' for all n > 0, for some C’, because k1 > 3(c + 4 + 2p1).
Thus (P2),41 is proved.
Proof of (P1),4+1. Using (11.18), (11.6), (P2),,

— — 2 _ _
|Furilsy < Cile 2N, PO CNE + 674N 8 (Coe N7 )2), (11.20)

for some C; = Ci(s1). The right-hand side term of (11.20) is < C*84N;f1‘ if

201N JITPPHOTINE < 1) 201G N STIN 2 < 1 Ve = 0. (11.21)

Recalling (11.1), (11.3), the inequalities in (11.21) hold taking ¢ small enough.
This gives |Fu41lsy < C*84Nn_f11. The bound (11.6) for hj,4; follows by (11.2)
(witha = o), (11.12), and the bound (11.6) for F,,, using (11.3), and taking & small
enough.

Finally, using (11.6), the bound (11.4) for i, holds because u,+; = h| +
oot hpprand X002 N, % < 1 for & small. The proof of (P1, 2), is concluded.
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11.2. Measure Estimates

In this section we prove (P3),, for alln > 0. Let us estimate [1, 2]\ G first. For
l €Z,j > 2,define

Aj = 1{& € [1,2] ol + pjl < yj~7}
where y := £/ and the eigenvalues ; = w;(uo). If A;; # 9, then there exists
& € [1, 2] for which

K Y Y

w wjt w wjt

(where u;, w depend on &). By the inequality ™! — @~ 1| < Ce?, and using
(10.12), we deduce that 1 jo~! = (j +«j3) 207! + 0(e2j*/?), and

LG a2 G b 2
@ wjT w wj*
(11.22)

because w > @/2 for ¢ sufficiently small. Note that all the terms in the inequality
(11.22) are independent of £. As a consequence, for each fixed j > 2,

tleZ: A #0) < Cej3? 12 (11.23)

for ¢ sufficiently small, simply because the number of integers in an interval (a, b)
is<b—a+ 1.
Now we study the variation of the eigenvalues with respect to the parameter &.

By (11.22),

G +rH?

5]

Let f;;(§) := wl + uj, where the dependence on & of the eigenvalue is put into
evidence. Replacing / by (11.24), and using (10.1), (10.10),

fij &) — fi1j &) _ (825)2 4 Sas 523/2 _ 3;13/2)1

[ = +0EX P+ 0@y, (11.24)

& —§& & —§&
3 2 r3(&2) _73(§l)> . 31172
+l——t+—— +«
(16 H-g U
A1(82) — A1(8D) iy A-1(82) —A-1(81) i
& — & & — &
3 _
—2 (=2 2 L 0@e) G +eiHV+ 0.
16 w
Now —%—% is nonzero for all x > 0 (using (4.24), one can check that|13—6+%| >
2 for all ¥ > 0). Hence
|fij (&) — fi (G| = &%¢j* Pl —&1] Vj=C, (11.25)

where C, ¢ > 0 are constants depending only on «.
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Remark 11.2. For 2 < j < C one could impose a finite list of inequalities for «,
and obtain, as a consequence, that (11.25) holds for all j > 2. However, there is
no need of doing in that way: using the cut-off (11.27) below, the low frequencies
J < C have not to be studied if ¢ is small enough.

By (11.25), the measure of the set A;; is

2y 1 Cye?
A | =< ST 23 = G (11.26)

We impose a Diophantine condition on the surface tension coefficient x : we assume
(2.6), namely

@+ ( + D = WTFR I+ j 46 > 2 viez, j=2.
] *k
for some constant y, € (0, 1/2), where we fix 7, = 3/2. By (2.6), if Aj; # 0, then

jlf > ol + ;| > @l + (j +xj)?| - Ce?j3? > = — Ce2j3?

for some C > 1, whence Ce?j3/2 >y, j ™ —yj =" >y j = /2if y < yu/2 (ie.
& small enough) and 7 > 7, (we have fixed t = 1, = 3/2). Thus we have found
the following “cut-off”’: .4;; can be nonempty only for

. Vi« r*+i3/2) —u 2 2
’>(W) —Cee™®, a=— == (11.27)

. +@3/2) 3
Thus, by (11.23), (11.26),

U Ajl= D @2 1o re ,+(3 e
€7, j>2 Jj>Cpe™@
1 5 1
=Cy z J_r +Cye Z jT+G/2)
j>Cpe™¢ j>Coe™®
< Cy(e=) ™ 4 Cye2(e™%) 72 < Cel/18, (11.28)

We have proved that [1, 2]\G; has Lebesgue measure < Ce!/18 which is (1 1.7)
forn = 0.

Remark 11.3. The condition (2.6) allows to get a positive measure estimate even
if y = &°/% >> &. The advantage of imposing (2.6) is that, regarding size, D~ 'R =
O(ey~") = 0('/%) « 1, so that D + R can be inverted simply by Neumann
series.

Without (2.6), in the sum (11.28) the cut-off j > Ce~2/3 disappears, and the
second sum becomes < Cye~2. Therefore, to get a parameter set of asymptotically
full measure, it should be y = o(g?) as ¢ — 0. But then D~'R = O(y " HR is
small only if R = o(y). This means that one has to expand R = eR| + £”R, +
0(82), to calculate the precise formula of R, R», to invert D + e R + 2R,y ina
non-perturbative way, and then to invert D+R as a perturbation of D+eR |+ R,.
This means, in fact, that one has to calculate the normal form of order 2.
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Remark 11.4. We could also fix y to be independent of ¢, taking a larger value
of . However, the larger is 7, the larger is the number of steps we have to make
in Section 9 to reach a sufficiently regularizing remainder R (it should be R =
O(|D;|~7) to obtain RD~! bounded in Section 10). Hence it is convenient to keep
T as low as possible, but still sufficiently large to get a positive measure set of
parameters.

Now we prove (11.7) for n > 1. Let J,, := ¢~ 11/1847 Let A?;rl ={&e€gG,:

lwl 4+ pj(un)| < yj~t}. For j > J, we follow exactly the same argument above,
and we find

o2
U n+l Z(CSZ 3/2+2)
1eZ, j>Jy J>Jn
)
<Cy 2. =n 3/2 +Cye Z
_]>J ]>J,1
<CyJ, 2 Cys_an_ < e/,

For j < J, we use Lemma 10.4, (11.6), the Lipschitz estimate

. . 1,n
1 (un) — (1) < Clltg — ttn—1llog j>/* = Cllhnlloy j*/* < Ce¥FoH921" j3/2

and the triangular inequality to deduce that, if & € G, then

-7

|l + ()| > |l + pj@p—1)| — |ujuy) — pwjp—1)| > vj
—Cs”‘”%xnjm.

On the other hand, if § € .A”Jr1 then |wl + wj(u,)| < yj~F, and therefore
fij (&) == ol + 1 (uy) is in a region of Lebesgue measure < Ce2+3+1/9x" j3/2,

Thus we follow the same argument as above, but with Ce2+H+0/9x" 3/2 jnstead
of 2yj~". We get

1
ce2j32

1,n
U An-i-l S Z(C82]3/2 +2)C82+5+§X ]3/2
leZ, j<Jn J=Jn

1
< C82+5+§X"J3/2 + Cce¥tox I,

which is < Cgl/182—n because 2 + 8 + 1 gX — %1—8 > L and § + 1)( - u > L
(P3), is proved. O

Proof of Theorem 2.4 concluded. Theorem 11.1 implies that the sequence u,
is well-defined for £ € Goo := Ny=0 G C [1, 2]. By (11.7), the set G has positive
Lebesgue measure |Goo| > 1 — Ce!/18, asymptotically full |G| — 1 as e — 0.
By (11.6), u,, is a Cauchy sequence in || ||s,+o, and therefore it converges to a limit
Uoo in HOFO(T?). By (11.6), for all £ € G, Uoo is a solution of F (s, @) = 0,
with [[tteo — Uellsg+0 < Ce?*% where w = w(&) is given by (4.26). Renaming
U = Uso, Ge := Goo, the proof of Theorem 2.4 is complete. O
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Proof of Lemma 2.3. Letky > 0,7, > 1. Lety, € (0,1/2),l € Z, j > 2,and
define

J+xj?
Vitc
If Ajj(ys) # 9, then |I| < Cj3/? for some constant C > 0 depending on kg and

independent of 7., ys, [, j. Therefore for each j there are at most Cj3/? indices [
such that A;; (yx) # 0. Moreover the derivative of fj; (k) with respect to « is

%

Apj(vs) == 1k € [0, k0] 2 | f1j ()] < Jy—r*] Jij ) =1+

.3 .
J =] —J .
[ ) = > > cj*?

2V +xjFA+6)32 2 + ko1 +ko)?

for some ¢ > 0 (depending on x(¢ and independent of t,, y, [, j). Hence the
Lebesgue measure of A;; (yx) is

1 Cyx
Ayl = 22— =

for some C > 0. Since 7, > 1,

U Ao =2 r+(3/2)j = Cr

€7, j>2 j>2

for some C depending on kg, T«. As a consequence, the set IC()/*) = {k € [0, K()]

[ f1j (k)] > y:j~ ™} has Lebesgue measure |IC(y*)| > ko — Cyy. Therefore K =
Uy.c0.1/2) K (y) has full measure |K| = «o. Finally note that K ¢ K C [0, xo]-
The proof of Lemma 2.3 is complete. O

12. Pseudo-differential Operators in the Class 5! 12,12

In this section we prove some results on pseudo-differential operators in the
class S ? /2,172 00 the 1-dimensional torus that are used in our existence proof for the
water waves problem. These results also hold for a more general class of Fourier
integral operators. In Sections 12.1-12.3 we prove the invertibility, composition
formulas and tame estimates for operators depending on the space variable x € T
only, then in Section 12.4 we explain how to include the dependence on the time
variable r € T.

12.1. Invertibility
We consider Fourier integral operators that change ¢/** into ¢/?-¥) for some
phase function ¢. Namely, let L > 0 and let f: R — R be a C* function with

fO =0, |fll~=<L, 2.1
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sothat | f(§) — f(n)| = L|§ —nland [f(§)| = L|§| forall §, n € R. Let (x) be
a real-valued periodic function and let

p(x, &) :=éx+ fE)B), x,§ R
Denote
we(x) = /P8, eg(x) == es*, x,£eR.

When & = £ is an integer, both e and wy, are 2 -periodic functions of x. We define
the operator A by setting Aez = wg for § € R. Thus

Ag(X)=/R§(E)wg(X)dE, g(x)=/R§(S)€g:(X)d§ (12.2)

for functions g : R — C, where g is the Fourier transform of g on the real line,
and, on the torus,

Au(x) = Zf‘k wi(x), u(x)= Zﬁk e (x) (12.3)

keZ keZ

for periodic functions u : T — C, where iy are the Fourier coefficients of u.
Adjoint operators. Quantitative estimates for A and its inverse are the goal of
this section. To obtain these bounds, we shall study A*A and AA*.
Consider the scalar product of L?(T) and that one of L2(R),

(U, V) 21y = /T u() v dx, (g h) g = /R g(x) h(x) dx,

where u,v € L*(T) and g, h € L*(R). Denote A%, AL the adjoint of A with
respect to the scalar product of L?(T) and L?(R) respectively, namely

Aru(x) = > (w, w2y ex(x), x €T,

keZ
and
Ag(x) = /]R (6 we) 2 e () €, x € R,
Hence
At Au(x) = Z(A“’ wi) 2y ek (X) = z (wj, wi) 2Ty U ek (x),

keZ k,jeZ

namely the operator M := A7 A is represented by the matrix (M,f)k, jez with
respect to the exponentials basis {ej };c7, where

M]i = (w], wk)LZ(T), k,] € 7. (124)
On the other hand,

AAT u(x) = (u, we) 2 ery we (x). (12.5)
keZ
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We shall see that, to prove the invertibility of AAZ, instead of writing a matrix
representation like M above, it is convenient to study

AAR g(x) = /R(g, we) 2wy We(x)d§, x € R (12.6)

and pass from the real line to the torus in a further step.
Let us begin with estimates on AT A. Notation: Sobolev norms on the torus are
denoted by

lulls = Nullmscry,  Nullo = llull2(r):
other norms are indicated explicitly.

Lemma 12.1. (Estimates for AiE.A ) There exist universal constants C, § > 0, with
Cé < 1/4, with the following properties.
(I)IfLIBl3 <8, then M = ATLA : L*(T) — L*(T) is bounded and invertible,
with
1M — Dullo + (M~ = Dullo < CL|IBlI3llullo. (12.7)

As a consequence, for § small enough,
IMullo < 2llullo. 1M ullo < 2lluflo.

(ii)Lets > 1.IfL||B||3 < 8 and B € H*T>(T), then both M and M~" are bounded
and invertible from H*(T) onto H*(T), with

1M — Dulls + I(M~" = Dulls < CLIBI3Nulls + C)LIBls2llulli (12.8)

where C is the universal constant of part (i), and C(s) > 0 depends only on s. As
a consequence,

IMulls, 1M~ ully < 2llulls + C)LIBls+allulls. 12.9)

Proof. (i) Fix a universal constant §y > 0 such that if ||u||3 < 8, then ||u/||z~ <
1/2 and ||u|l; < 1. Thus we can assume that L||8’||fe < 1/2 and L||B|» < 1.
Using the notation (12.4), on the diagonal j = k, one has

M]]: = (u)k, U)k)LZ('H‘) =2

because wy = wk_l. For j # k,

. 2][ .
M,i :/ elw(r+p(x)) dx, w:=j—k, pk):= B(x).
0

F(G) = fk)

j —k
By (12.1), [p'(0)| < LIB'(x)| < 1/2forall x, and ||pll; < LIBll, forevery s = 0.
In particular, || p|l» < 1. By Lemma 13.6,

i, _ Cl)L|Bll
|M1£| =< v.'aa“ (12.10)
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Split M = I + R, where [ is the identity map and Rl = M,'(j fork # j and R,’(‘ =0.
By Holder’s inequality and (12.10) applied with o = 2,

2
IRl =>" 1> mii;| <D D 1M 1l

2

k |j#k k J#k
2
< Z Z CL|Bll3 |uj|
S\ k=l k=l
J#k
C>L*||B13 i I

SZ Z |k—j|2 Z|k J|2

k J#k J#k

1
=C’L2|BI3C2 Y Zm Juj|*
FRAVZT A
< C’L> C3 118113 llullg (12.11)
where Cp = Zk#o |k|=2 < oo. Thus ||Rullg < CoL||B]l3 |lullo for some universal

constant Cp > 0. This is the desired estimate (12.7) for R = M — I. By the
Neumann series, if CoL||8]l3 < 1/2, then M : L*(T) — L*(T) is invertible, with

o0
I =" = Dullo < D IR ullo < 2CoLI1Bl13 llullo-

n=1
@ii) For s > 1, k € Z, split Zy := Z\{k} into two components,
Zi=AUB, A={jeZ: k)’ <20j)'), B=ZL\A,

and write
2

IRul? < > 1> M| ()* <2(Sa + Sp),
ko |j#k

where

Sa=> [ D 1mf 111k

k JEA
and similarly Sp. For S4 we use estimate (12.10) with ¢ = 2,
2

CL
n=¥ (X7 T2y ) |

jGA

then repeat the same calculations as (12.11) with |i[(;)* instead of |i |, whence

Sa < (CL|IBl3lulls)?
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where C is a universal constant. To estimate Sg, apply (12.10) witho = s + 1, and
note that (k) < cs|k — j| for j € B, so that

2
Cs+DLIBs+2 ~ .
B<Z > <s ) Ufl||+2|j|cs|k—]|
ieB k—jlI
2
L 5 . 1
<C<>Z Z ||ﬁ||+z| s
> (J)
Jje
2||ﬁ||s+2 5o 1
<C(s)z > = i il ) ZW
JjEB JjEB J
< C(S)L2||ﬂ||a+2||u||1- (12.12)

This yields
IRulls = CiLIIBI3lulls + CLIBIs+2llulli . NRully < CiLIBlI3llull
where Cj is a universal constant and C(s) depends on s. Hence Mu € H*(T) for
all u € H*(T) together with the estimate for M — I given by (12.8). Now, by
induction,
IR ully < (CLLIBI)" lulls + n(CiLIBIZ)" ' C()LIBls+2llulli Vn =1,

and the desired estimate (12.8) for M~ — I follows from Neumann series. O

As an immediate corollary of the operator norm estimate for AT A, we have a
bound for A:

Lemma 12.2. (L2-bound for A) Let § be the universal constant of Lemma 12.1. If
L|Bll3 <6, then both A and A%, : L*(T) — L*(T) are bounded, with

lAullo < 2llullo, ATullo < 2llullo  Vu € L*(T).

Now we consider an operator E with the same phase ¢(x, &) as A and, in
addition, an amplitude a(x, &), namely

E:e— gs, qe(x) :=a(x,§) wg(x),

where a(x, &) is a 2 -periodic function of x for every & € R (or, at least, for every
& =k € 7). If u(x) is a periodic function with Fourier coefficients iy, then

Eu(x) = ) dqe(x) = Y dralx, wi(x).

keZ keZ
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Remark 12.3. The adjoint operator E7. of E with respect to the L?-scalar product
on the torus is

Efu(x) = > (. q)2m ex(x), x €T,
keZ

therefore

E} Eu(x) = > (Eu. g2 ec() = D (qj. q) 2 i) ex (x),
keZ k,jEZ

namely the operator G := ET, E isrepresented by the matrix (G‘,ﬁ )k, jez Withrespect
to the exponentials basis {ex}rc7z, Where

Gi = (qj, a0 2r)> k. J € L.
O

Lemma 12.4. (L?-bound with amplitude) Let § be the universal constant of
Lemma 12.1, and let L||B]|3 < 8. Let

o,71,KeR, o>1, 7,K>0.
Ifa(-, k) € H° (T) for all k € Z, with
laG-,B)lle < K(k)" Vk € Z,
then E : H'(T) — L2(T) is bounded, with
IEullo < 2Co K |lull. VYu € H*(T),
where Cy = Zjez(j)_" < o0.

Proof. Develop a(x, k) in a Fourier series in x, a(x, k) = ZjeZ aj(k)ej(x), with
la;(k)I(j)° < K(k)*. Write Eu as

Eu(x):Zﬁk Zaj(k)e,-(x) wk(x)=Z(AFju)(x)ej(x) (12.13)
j

k J
where F; is the Fourier multiplier F; : ex — a; (k) e, satisfying

K2 K?
I F; “||0—Z|uk| laj (k)| <Z| B ) = ]2

Remembering || Aullo < 2|ju|lo (see Lemma 12.2), we obtain

IEullo < D I(AFwejllo < D 1 AFjullo <2 1 Fjulo < 2K Co llullc
J J J

where C; =2 ;(j)77. O
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Now go back to the study of A : ex — wy.

Lemma 12.5. (Sobolev bounds) Let L||B]|3 < 8, where § < 1/2 is the universal
constant of the previous lemmas. Let « > 1 be an integer. If € H*Y*(T), then A
and A% : H*(T) — H*(T) are bounded, with

lAulle + AT ulle < C(e) (lulla + LlIBllas2llullr)

for some constant C(a) > 0.

Proof. Let us prove the estimate for A first. Since we already proved that || Au|lg <
2lullo < 2|lulle and since ||Aulle < C(a)(|Aullo + 107 Aullo), it is sufficient to
estimate the L2-norm of 8% Au.

The derivatives of wi(x) = e/¢@*-5) satisfy 9¢ (€ P-Ry = P (x, k) ek
with

o

P k) =2 > CO) @), b) - @) k), (12.14)
n=1 veSy,
where v = (vy,...,v;) € Sypmeans 1 <v; <--- <vp,andv; +---+v, =«a.
Therefore

o

0F Au(x) = D i Pu(x. ) wi(x) = D D C() Eyu(x),

keZ n=1 veSyn
where
Eou(x) = Zﬁk ay(x, ) wr(x), ay(x, k) = (0"d)(x, k) - (8" P)(x, k).
keZ
Write ¢ as
Q)

o(x, k) =kh(x, k), h(x,k)=x+ T,B(x), k #0.

Since v; > 1, one may write ||y’ ¢ (-, k) |2 < |k| 17 ||y, +1 (W' = 8,h). Therefore

lay (-, )l < K C" R luyn = 1 w4

where C is the algebra constant of H*(T) so that ||uv]s < C|ul>|v]2. By
Lemma 12.4 (here o = 2)

IEvullo < C@) 1A g1~ 1A o1 N1l
for some constant C(«) depending on «. By interpolation in Sobolev class, since
l<n=<e,

1-9;
a+1 >

with 99, 9 € [0,1,i =1,...,n,and

DA L 1=
I 141 < 2R 15" 1A lulln < 2 [loelly® fluellg ™,

vi+1=2%+ @@+ DA -9), n=10+a(l — D).
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Hence

n

’ Ly /01449, ryn—@1++09,) 7 1—
LT izl < 270 150 i 0 a0 el
i=1

Since vy + -+ v, = «,
Jo+ 0+ + O =n, @+ +0) = —1)+ (1),

and
- 1
1 -1 —o Jo
H IR gt el < 2" FHIR 5 (11 N2l ) (1A o1 lael )
i=1

< 2P 5 (R N2 ulle + R e i) -
By assumption, L||B]|3 < § < 1, and, by (12.1), | f(§)| < L|&| for all &, therefore
Wl = 11T+ fGOk B2 < T+ LIBIs <2, 17 lat1 < 14 LIIBllart2,
and
[Evullo < Cle) (lulle + (L + Ll Bllas2) lullt) < Cle) (lulle + LIBllat2llul) -

Taking the sum over n = 1,...,a, v € Sy, gives the desired estimate for the
L?-norm of 0% Au, which completes the proof of the estimate for A.
Now we prove the same estimate for A%. Remember that

Aiﬁ-u(x) = Z (/Tu(y) e~ i0k) dy) eikx

keZ
Write —¢ (y, k) as

_ _J®
—0. 0 = R +p0.R), PO K === B0,
Using Lemma 13.6 together with the notations introduced in its proof, withw = —k,
0 (Apu)(x) = D ( / u(y) e P0R dy) (ik)* ek
keZ T
T

=2, (—l [ Qutmyeiovd dy) (ik)* et

=\ Jr

( / O (y) e 000 dy) el
kez T

Z (/ @) (y) QL (v ke 1000 dy) elkx
T

0 keZ

= > E}; (@u)(x)

n=0
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where E; is the L?(T)-adjoint operator of the FIo E, having phase ¢ and amplitude
an k)

E,v(x) = Z D an(x, k) PR
keZ

a6 1= O (x, k) = # ST CE@ LK) 0" k), k),

Vevoc.n
and v € V, , means
v=W1,...,v0) €Z%, v;i>1, vi+---+vy =20 —n.

Here, as above, &' (x, k) = 1+ f(k)k~'p’(x)so1/h'—1 = F(B’) for some smooth
function F vanishing at the origin and hence ||1/4'||2 < 2, provided that || 8]|3 is
small enough. Then, with similar calculations as above, one proves that

lan (-, K2 < Cl@) D MR w17

V€V n

Therefore, by Lemma 12.4, the operatornorm || E,, [|o,0 := sup{|| E,u|lo : |lullo = 1}
satisfies

1Eallo0 < C@) D 18 oyt - 1 s

veVan

Since [ El0.0 = Il Enllo.o-
/ /
1E; 0%ullo < Cl@) D - lost - 17 g1 el
veVyn

and we conclude the proof using the interpolation like above and summing for
n=0,...,0. O

We have proved that Aa’}A is invertible, therefore A*T is surjective and A is
injective. To prove that A is invertible, we need the invertibility of AA%.. We prove
it by studying AAG;.

Recall that we consider a phase function ¢ (x, &) = x& + f(§)B(x) where
B(x) is a smooth real-valued periodic function and f is a C*° function such that
f(0)=0and || f'||z~ < +00o. Hereafter, we make a further assumption.

Assumption 12.6. Assume that f: R — R is a C* function such that
fE =0 Vgl <1/4  fE) =& VIEI=1,
where 0 < r < 1 is a real number.

We shall apply the following results with » = 1/2.
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Lemma 12.7. Assume that f satisfies the above assumption. There exist constants
C1, 681 > 0, withC181 < 1/4, such that, if || Bl|3 < 81, then AA%} : LZ(T) — LZ(T)
is invertible, with operator norm

IAATullo < 2llullo, I(AAT) "ullo < 2llullo.

More precisely,

1
ICAAT — Dullo < CiliBl3llullo < 7 lullo-

Proof. The proof is split into several steps.
STEP 1. Observe the following fact. Let 8 € H m+l (T) for some integer m > 2,
with L||'||z < 8 and ||Bllm+1 < K, K > 0. Then, for every ¢ € C5°(R),
C(y, K
< M VéE e R (12.15)
T+
for some constant C (¥, K) which depends on |1/ ||wm.~ and K . Indeed, integrating
by parts gives

|(¥, wS)LZ(R)l = ’/R v(y) eiP(.5) dy

/ Yy e PO dy = 15 / TS Ly (y) dy,
1

where
—1
Ly =0,(vy), v= (1 + % ﬁ’(y)) :

To gain a factor £ at the denominator, integrate by parts m times.
StEep 2. To prove the invertibility of AAZ, it is convenient to study AAR and
pass from the real line to the torus in a further step. AAg, is given by (12.6), namely

AAﬁig(x)z/ (/ g(y)e P0® dy) AN (12.16)
R R

For g € Cg°(R) and B € H3(T), with L||B'||z < 1/2, the integral is finite by
(12.15). Now we want to change the integration variable &: this is the reason for
which we consider real frequencies § € R and not only integers k € Z.

Fix 8o small enough so that |cf’(§)| < 1/4 forall ¢ € R, provided that |c| < §.
For each |c| < §p, the map

E—>y@. o) =8+cf(8)

is a diffeomorphism of R because 3/4 < ¢y (£, c) < 5/4, and y is C* in both
the variables (&, c). Therefore, by the implicit function theorem, the inverse map
n(@d, c),

§=u@c) & v=yE o),
satisfies 4/5 < 9y (9, ¢) < 4/3 and is C* in both (¥, ¢). Let
h(®,c) := u@,c) — 9.
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Thus h € C®, |35 (D, )| < 1/3 forall ¥ € R, |c| < S,

h(@,¢) +cf(§) =0, dph(®, c)= —% where £ =¥ + h(¥, ¢),
b0, c) = ——TE) s oo LOSE )

NEAGR H+cfEF N+cf©P

Then one proves that

109ch (-, ) lLeo®,da0) < C,

(12.17)
||a$13ch(', C)||L1(R,d19) <C, m=2,3,4,

for all |c| < &o, where the constant C > 0O depends only on f. Now let

z Bx) — B(y) z
Blx,y) = Tyy for x #y, B(x, x) := B'(x),
and let ¥ be the new frequency variable,

O =&+ fEB(K,Y), E=0+h®, B, y)=pn@ px,y). (12.18)

The order of integration in (12.16) cannot be changed because the double integral
does not converge absolutely. We overcome this problem as usual, fixing ¥ €
C(‘)’O (R) with ¥(0) = 1 and noting that

AAG g () = lim Io(x),  1e(x) := / ¥ (£8) ( / g(y) e 00 dy) e dg
E—> R R

by the dominated convergence theorem. It is found that

AAGL g(x) = / ( / g e V(1 +qx,y, ﬁ))dy) e’ dy
R R
with

q(x,y,9) = dpph(®, B(x, y)).

Namely AAj, is the sum (/ + Q) of the identity map and the pseudo-differential
operator Q of compound symbol ¢ (x, y, ¥).
STEP 3. First order Taylor’s formula in the y variable at y = x gives

qgx,y, %) =qox,?) +q1(x,y, D),
go(x,¥) :=q(x, x,9) = (Iph) (¥, B (x)),

1
q1(x,y, ) :=/0 (3yq) (x, x +s(y —x), %) ds (y — x).

Split Q = Qo + Q1 accordingly. Since go(x, ¥) does not depend on y,

Qog(x) = /]R §() qo(x, ¥) e’ dv.



THOMAS ALAZARD & PIETRO BALDI

qo(x, ¥) is 2;-periodic in x, forevery ¢ € R, because B’(x) is periodic. By (12.17),
lgo(x,9)| < CIB' (0], [8xgo(x, D) < C|B"(x)I,

whence
lgoC-, Dt < CliBll2 V¥ eR (12.19)

for some constant C > 0 (where, remember, || - ||,,, is the H” (T) norm).
We next study Q;. If the order of integration in Q; can be changed, then an
integration by parts in the ¥ variable gives

1
018(x) = —i/ /R/R(Bﬂyq)(x, x+s(y—x),9) PO o (y) do dy ds.
0
Since

1392 (x, 2, ) = [@gpch) (P, B(x, 2))| 13, B(x, 2)],

by (12.17),
18520 (x, 2. )1 @agy < ClIB" e (12.20)

for all x, z in IR. Therefore the triple integral converges absolutely (g € C;°(R)
by assumption), and one can prove that the order of integration can actually be
changed (introduce a cut-off function v (%), with ¥ (0) = 1, ¥ € C{°(R), and
pass to the limit as ¢ — 0 like above). Denote

1
a(x,y,v):= —i/ (agzq)(x, x+s(y —x), 29) ds,
0
so that
Q1g(x) = / a(x,y, 9)g(y) e’ dydy.
RZ

By (12.20), for all x one has

Ing(x)If/]ng(y)l(/R |a<x,y,ﬂ>|dﬂ)dyscuﬂn3||g||u<R>- (1221)

Denote Tg(x) := xg(x). The commutator [T, Q1] = T Q1 — Q1T is the same
integral as Q| with an additional factor (x — y),

[T, Q11g(x) = /R a3, 9) (=) 0 g () dy d.

Integrating by parts in ¥ again,

(T, 011g(x) = i /]R pae, v, 9) &7 g(y) dydd,

and dyp.q(x, z, V) satisfies the same estimate (12.20) as dy,q. Note that no other
derivatives in y are involved in this argument, therefore 8 does not increase its
derivation order. Repeat the same integration by parts twice: write

=[x =)+ yP = — )2 +2(x — y)y +y7,
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so that
201g(x) = /}R2 (iz(aga) ¢ +2i(39a)(Tg) + a(T2g)) e/ 4y dy,

Every ag’a(x, vy, ), m =0, 1, 2, satisfies an estimate like (12.20), namely
9y a(x, y, M was < ClBlz, m=0,1,2,

for some constant C > 0. Now assume that g(y) = 0 for all |y| > 2m. Then, by
Holder’s inequality,

/Rlymg(Y)l dy = Cligl2@wy Vm=0,1,2.

Thus we have [x2Q1g(x)| < C|IBll3 lgll 22wy and, using also (12.21),

ClIBI3 g2y

1+ |x|?
Hence, provided that g(y) = O forall |y| > 27, both Qg and T Q1 g are in L>(T),
with

1018l 2@ + 1T Q18ll 2@y < 211 +x)' 2018 2@y < ClIBI3 8]l 2m)-

(12.22)

STEP 4. Let P be the “periodization” map defined in the Appendix. We observe
that

1Q18(x)| =

P(AAR ¥) = AAL(PY) Yy € C(R). (12.23)
To prove (12.23), fix ¥y € C§°(R) and calculate
PAARY)(x) = D (AAR ) (x + 2mj)

JEL

= Z/R(l/f’ We) 2Ry We (x + 27)d§

JEZ
= Z/ (1//, ws)LZ(R) wg(x) ei2nj§ dé
JEZL R
because ¢ (x 4+ 27j, &) = ¢p(x, &) 4+ 2mj&. For each fixed x € R, by (12.15), the
map & > g(§) 1= (¥, we) 2(r) e (x) satisfies
I+ EPg@®)+1g'E)) < C V& eR,
for some constant C. Then, by Lemma 13.8 and (13.19),

D /]R g®) e de =S (k)

JEZL keZ

= > (¥ w2 Wi (x)

keZ

= Z(’Pﬂ/, wk)LZ(T) wi (x)
keZ

= AAL (PY)(x).
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STEP 5. From the two previous steps, since PS = I on L*(T),
AAT = AATPS=PAARS=PU+ Q0+ Q0)S=1+PQoS+PQS.
For u € C*°(T), by Lemma 13.8,
P Qo Su(x) = D (QoSu)(x + 27k)

keZ

=> / (Su)(€) go(x, £) 5 H20 dg

keZ

C=7 3" Suytk) qotx, by e
keZ

13.15) O ;
— > ik gotx, k) e’
keZ

It is possible to use (13. 17) here because |go(x, )| + |85q0(x &) < C for all
x, &, for some C > 0, and Su (&) rapidly decreases as Su is compactly supported.
Therefore

IP Qo Sullo = ClIBl2 llullo

by (12.19) and Lemma 13.1(ii), and, by density, this holds for all u € L%(T).
By Lemma 13.9 and (12.22),

IP QiSullo < 1Q1Sull 2@y + IT Q1Sullp2wy < ClBII3 ISull 2wy
< C|IBl3 llullo
for some constant C > 0. We have proved that
AAL =1+ B, |Belo<ClBlsllulo.

where B := P QoS + P Q1 S. Therefore, by Neumann series, AAT. : L*(T) —
L2(T) is invertible, with operator norm< 2, for || 8|3 <4, for some constant §;. O

Collecting the previous estimates, and taking the worst || || among all, we have
the following

Lemma 12.8. There exist universal constants C, 51 > 0 such that, if B € H 3 (T),
Bll3 < 81, then A, A% : L*(T) — L*(T) are invertible operators, with

lAullo + 1A ullo + A% ullo + (AR " ullo < C flullo.

If, in addition, B € H*t2(T), « > 1 integer, then A, Ay : H*(T) — H*(T) are
invertible, with

lAulle + A" ulle + 1A% ulle + 1(AD  ulle < Cle) (lulle + [IBllasz llull1) .
where C(a) > 0 is a constant that depends only on «.

Proof. Both AAY and A7 A are invertible on L2(T), therefore A and A* are also
invertible. The estimates for A~! and (A*T )~! come from the equalities

L= araytaL, (Aan T = Aana)Th
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12.2. With Amplitude
Now let E be the operator with phase ¢ (x, k) and amplitude a(x, k), namely

Eu(x) =Y dga(x, ke,
keZ

where a(x, k) is 2 -periodic in x, and ¢ is like above. We are interested to the case
when the amplitude is of order zero in k and it is a perturbation of 1,

a(x, k) =1+ b(x, k).

Denote |b|; := supz |b(-, k)||s. Let A be the operator with phase ¢ (x, k) and
amplitude 1, and let B be the operator of phase ¢ (x, k) and amplitude b(x, k), so
that E = A 4+ B.

Lemma 12.9. There exists a universal constant § > 0with the following properties.
Let B € H3(T) and b(- , k) € H3(T) for all k € Z. If

1Bll3 +1bl2 < 6,

then |Bullo < C|bl2|lullo, and E and EZ. are invertible from L?(T) onto itself.
with

1Eulo+ I1E ullo + | EF ullo + I(ER) " ullo < C llullo,

where C > 0 is a universal constant.
If, in addition, o > 1 is an integer, B € H*t2(T) and b(- , k) € H*T%(T) for
all k € Z, then

IBulle + I Brulle < C(e) (1bl2llulle + (Blat2 + 1 Blla+21b12) i)

and

IEullq + 1E  ulle + 1 ES ulle + 1(ES)  ully
< C(@) {lulle + (Plat2 + 1Blla+2)lluell1}

where C(a) > 0 depends only on «.

Proof. STEP1.ByLemma12.4, | Bullo < C|b|2|lullo, therefore, using Lemma 12.8,
IA~ ' Bullg < C|b|a|lullo for some universal constant C > 0, provided that § is
small enough. Then E = A(I + A~1'B) is invertible in L?(T) by the Neumann
series. Analogous proof for E*.

STEP 2. The matrix L := Eq*IE is given by Remark 12.3, and it is

E*E = A*A+ A*B + B*A + B*B.

On the diagonal,

1
L£=/ |a<x,k>|2dx=/ 14+ b(x, b)*dx > =
T T 2
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if |b(x, k)| < 1/2forall x € T, k € Z. Off-diagonal,
LY = M} +/ (b(x,k) +b(x, j) + b(x, j)b(x,k)) /[P )=0 (bl gy
T

where the matrix M}‘ is defined in (12.4). Using (12.10) for the first term and
Lemma 13.6 for the other three terms,
C(a, K
ILk| < Cla, K)

TSTE (Ible + 1Blla+1), & # J, (12.24)

for ||Bll2 < K and |b|; < K. Let D be the Fourier multiplier e +— Liek and R
the off-diagonal part R = L — D. For o = 2 in (12.24),

ID~" Rullo < C(K) (1813 + [bl2) llulo,

therefore L is invertible in L2(T) if || 8|3 + |b]> < 8 for some universal § > 0 (for
example, fix K = 1 first, then fix § sufficiently small). For s > 1 integer, and for
1Bl3 + b2 <6,

[Rulls < Céllulls + C)UBNs+2 + 1bls+DIlull

by (12.24) and usual calculations for off-diagonal matrices. This gives the tame
estimate for L, and, by the Neumann series, also for L namely

IES Eulls + 1(ET E) 'ulls < Cllully + C)(IBlls+2 + bleyD)llulln  (12.25)

where C > 0 is a universal constant and C(s) > 0 depends on s.
STEP 3. Bu(x) is given by (12.13) where F; is the Fourier multiplier Fje; =
b j (k) e. Integrating by parts, for j # 0,

Cll97"b(- . K llo

|b (k)|—‘/ b(x,k)e ¥ dx|= HE
J

/8;"b(x,k) e ¥ dx| <
T

1l

for all k € Z. Hence,

b .
I Fjulle < (J)m lulle,  Vj€Z. (12.26)

Using the tame product rule ||uv|y < C(a)(|ullre||v]le +Iv]Le|lu]lo) together
with the Sobolev embedding H'(T) c L>(T) we deduce that

1Bulle < D I(AFju)ejlla < Cl@) > (IAFjulla + |AFjulli ()*).
JEZL JEL

Thus, applying Lemma 12.8 and using (12.26) with eitherm =2 orm = « + 3,

1Bulle < C@) D IFjulle + IBllasall Fiull + | Fjulli ()
JEZ

bla
< C@) Y (lulle + 1Bllar2llulln) 5 P2 gy Bl
= )2 (/)2

< C(@) (lulle + I1Blla+2llullt) 1bl2 + llullt |blata-
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The sum with the analogous estimate for A gives

lEulle < C(@) (lulle + (blat2 + N1Bla+2) lell1) -
For E?Hi, note that
Efu= > FfAj(e_ju)
JEZ

and repeat the same argument.

Since E~! = (E%E)_lE%, and both (E%E)_1 and ET, satisfy tame esti-
mates, then the tame estimate for E~! is obtained by composition. Similarly for
(Ex)~l. o

12.3. Composition Formula
Consider the periodic FIO of amplitude a and phase function ¢,

Au(x) =D dkalx, k)0 g k) =kx + f(R)B),  (1227)
keZ

where f (k) = |k|'/? for all k € Z.

Lemma 12.10. Let A be the operator (12.27), with ||B|lwi.e < 1/4 and ||B|l2 <
1/2. Letr € R, and let g : R — R be a C* function such that, for every integer
n > 0, the n-ti derivative g (€) of g satisfies

18" (E)] < Crn(1+1E]) ™" VE R,

for some constant C.,, > 0. Let I' := Op(g) be the Fourier multiplier with symbol
g(&). Let

m,s0 € R, m=>0, so>1/2, NeN, N=>2m+r+1)—+sp.

Then
N—1
TAu = z Bou + Ryu,
a=0
where

Byu(x) =

1 ' '
e D8 w00 fatr el VPO ) yeitr,
" keZ

i
For every s > sq, the remainder satisfies

IRNIDx["ulls < C($) {Kapnrrsotn) lulls + Ksinmiz lulls} . (12.28)

where Ky, = lall + lallil|Blls1 for 1 = 0 and llall := supyez la (-, )l
If, in addition, a(x, k) = 1, then (12.28) holds with IC,, := Bl u+1.
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Remark 12.11. In particular, By = AT". Also, By, is of order r — («/2).

Proof. Denote by (2, (k)) jez the Fourier coefficients of the periodic function x >
a(x, k) e'f OB 1f f; are the Fourier coefficients of a periodic function u(x), then

PAu(x) = > dx2jk) gk + j)e'*+/x. (12.29)
k,jeZ
Taylor’s formula gives, for some ¢ € [0, 1],

N—-1
. 1 . . o o
gl+j)=> =@k j* +ryk. j). k. j)=—gMk+1j) V.
o! N!

a=0 '

Accordingly, (12.29) is split into ' Au = foV;OI Byu + Ryu, where

A A 1 L
Byu(x) := Z iy 2 (k) a g(“)(k) i i (k+j)x

k,jEZ
1 o .. 77 N .
= %! Zg(a)(k) ZZj(k) (ij)* e’ ukelkx
" keZ jez
1 _ .
- %) Z g<a)(k)3f {a(x, k)e’f(k)ﬁ(x)} I eikx
" keZ*

It remains to estimate the remainder

Ryu(x) i= D g (k) ry(k, j)e' e,
k,jEZL

For N > r, the N-th derivative of g satisfies |¢™)(&)| < C,n (&) ™N < C,.y for
all £ in R. In particular, for | j| < %|k| and ¢ € [0, 1], we have |k + ]| > % |k| and
hence

. N 1
lrn (ky )1 < Crny k) NIV V]| < 5 kI, (12.30)

and, in general,
vk, I < Crn 1IN Vj eZ. (12.31)

We split Ry into 2 components, Ry = R + R, R for low frequencies and
‘R, for high frequencies:

Ruu@) = > ax2j0)rn(k, j)e' ),
lj1<31k|

Rou(x) = > g 2jk)ry(k, j)e'®H)r,
11> 3 Ik]

Let us analyze the coefficients Z j (k). Firstof all, for j # 0, > 0,

. 1 -
|Zj (k)| < @ ”a(~,k)e‘f(k)/3()||a_

lj
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Now, fora € N,

a;( (a(x, k)ei.f(k)ﬁ(x)) — lf OB z C(ay, a2) (B?Ia)(x, k) Py, (x, k),

ajtoar=u

where P, is defined, as above, by 9% (e// WP} = e/ WBC) p, (x, k). Hence it
follows from the estimate (13.9) in the Appendix and an interpolation argument
that

Calk|*/?

[1*

where ||a|lq := sup;cy lla(:, k)||lo. Moreover, if a = 1, then it follows from (13.9)
that the estimate (12.32) holds with the factor (||la|l¢ + |la]l1]18]«) replaced by
I1Bllort1-

For |j| > %|k|, estimate (12.32) can be improved:

2001 < (lalle + lalilBllatt) Vi #0, (12.32)

zj(k) = / a(x, k) el OB®e=ijx gy =/ u(x)el@CTP®) gy
T

T
with
w=-j, pX)= —@ B(x), u(x)=alx, k).
Therefore, applying the non-stationary phase argument of Lemma 13.6,
12 (k)] < If_ﬁ” (lalle + llaliliBlla+1) VIjl > %Ikl (12.33)

provided that ||8]|> < 1/2 and |B|; < 1/4. Moreover, if a = 1, then u = 1, and,
by Lemma 13.6, the estimate (12.33) holds with the factor (||lalle¢ + llall1l|Bllex1)

replaced by || Blla+1-
e Estimate for R1.— We study the composition R | D,|™, which is the pseudo-
differential operator with symbol

pr(x, k) = D k™ 2 (k) ry (K, ) e
1< 31kl
By (12.30) and (12.32), for any « € N,
o1l = D kP12 Irn k., )1 ()
lj1<31k|
< D Clk)PmETNE@RD) (260N (g, + lall 1Bllesn)
1jl<3 Ikl

Now, assume that
so+N—a=>0. (12.34)

Then
Z (j)2(50+N70t) E C(k>2(SU+N7(1)+1

1< %Ikl
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because (j) < (k) and the number of terms in the sum is < C|k|. Hence
lp1C k)5, < Ck)y>mHr=NF@2Hs0tN=OFL (g, 4 [la]|1 || Bllas1)? -
The exponent of (k) is < 0if o > 2(m +r + s9) + 1. Hence fix « to be the integer
ap :=min{fae € N: a >2(m +r +s9) + 1}
=2m+r+so)+1+6, 0<d < 1.
By assumption,

N>2m+r+1)+s0>2m+r+s9)+ 148 —so =g — so,

therefore so-+N —ag > 0,and (12.34) is satisfied. We get || o1 (-, k) lsy < C(llallag+
lall11Blag+1) and so, by Lemma 13.2,

IR1ID: " ulls < C(s) (lallag + NallillBllag+1) lulls
for all so > 1/2, and s > 0. Moreover og < 2(m + r + s9) + 2, therefore
IR1ID:"ulls < C(s) (lall2gmtrtsorty + lalltllBllzomrrisp+3) lulls. (12.35)

e Estimate for Ro.— Now we study the composition Rz| Dy |, which is the
pseudo-differential operator with symbol

pa(x k)= D" k™2 (k) rn(k, ) el
1j1> 3 Ikl
By (12.31) and (12.33), for any @ € N,
o2 llZ =D kP 12,0 rn (k. I ()
1j1> 3 Ikl

< D CURP" (TN (lalle + llalBllat)
1j1> 3 Ik|

< ClkPrHTN=F ()l + Nalli1Bllat1)?

because

+00
Z (jy26+N—a) - C[ 2OHN=0) gy < | PEHN -+

. L1kl
1> % 1k] 2

for2(s + N — ) + 1 < 0, namely for « >s+N+%.
The exponent of |k| is < O for « zs—i—N—l—m—i—%.Fixal :=min{n € N :
n>s+ N+m+ 1}. Thus

lo2C, B)lis < € (lallay + lalliliBllo+1) -
By Lemma 13.3,

IR21Dx|"ulls < C(s) (llallay + lalltlBllay+1) llullsy
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for all so > 1/2, and s > sg. Moreover, since oy <s+ N +m + 2,

IR21 D" ulls < C(s) (lalls+N+m+2 + lallillBlls+n+m+3) Nulls,. — (12.36)

e Estimate for Ry.— The sum of (12.35) and (12.36) gives

1RN1D:"ulls < CO (Ialagmrtsn1) + Nl 1B ll2imsrs0y+3) Tl

+(Nallssnmsz + lall 1Bl n-ome3) s |

which is (12.28).
If a = 1, then (12.32) and (12.33) become

. Calk|*/? . . C
910 s‘]jﬁnﬁnaﬂ Vi#0 |2k < Uf;

) 1
1Blletr V1T > kI,

so that the estimates (12.35) and (12.36) are modified accordingly, and (12.28)
holds with IO\ := [|Bllu41. O

Corollary 12.12. Assume the hypotheses of Lemma 12.10, and let a(x, k) = 1 +
b(x, k), with ||b(-, k)|l1 < 1 forallk € 7.
Then (12.28) holds with IC, := ||bI| HI Bl u+1, where || D]l :=supgez 16C, Kl -

Proof. Since a =1+ b, split A = Ay + B, where Ag has phase ¢ and amplitude
1, and B has phase ¢ and amplitude b. Then the remainder Ry is split accordingly
into Ry (Ao) + Ry (B). Apply Lemma 12.10 to Ag (with IC;y = ||B]l.+1) and to B
(with Ky = 1]l + b1 Bll41), and sum. O

12.4. With Dependence on Time

Assume that the operator A in (12.3) depends on time, namely the phase space
is

&, x, k) = kx + [k|'/?B(z, x),

where f is periodic in the time variable ¢ € T. Then the inequality of the previous
sections also hold (with minor changes) in spaces H* (T?). For example:

Lemma 12.13. If || Bll4 < 6 (where 6 € (0, 1) is a universal constant), then for all
integers s

IARlls < Cllklls Vs =0,1;  |Ahlls < C)lRlls + I Blls+3llnll) Vs =2,
(12.37)
forall h = h(t, x), where || ||s is the norm of H* (T?).
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Proof. We have already proved that, without dependence on time (i.e. 1 = h(x),

B =px),
IARl 2 < Clikllz, NARIEy < C)UhlEs + 1Bl gs+2lhllgr)  (12.38)

prov1ded||/3||H3 < §.Now leth,  depend also on time. For each fixed 7, ||,3(t)||H3 <
1Bl ooy < ||,3||H = IIBlla < 68, and then (12.38) holds at each z. Therefore

|ARIIZ,, ., = /T IAMAMIZ, dr < /T C2 @17, dt = C|hll}, 5.

ie. [|[Ahllo < C|hllo. Similarly, for s > 1, using II/SIIL?OH;w < C||/3||H11H;+2,

ARy, = [ 1A d

< Cls) /T BN + 18O @)1, ) dr
< CEURITz g + 1B s 120,

whence
ARl L2y = CE RN + 1B Is+3 A1) (12.39)

The norm ||ul|; of H*(T?) is equivalent to the norm ”””L%m + ||“||H,~‘L§' Then it
remains to prove that also /

AR g2 = CEURIs + 1B s+3lA1D. (12.40)

The time derivative of Ak is 8;(Ah) = A(h;) + B;AG| Dy |'/?h).
e For s = 1, using the inequalities ||u|; o2y < Cllull2 and [|Aullo < Cllullo,
we have
18: (AR llo < I ARello + 1B AGI D21 1)l
< Clhllo + 11BNl oo r2y I AG Dy |2 ) llo)
< CUlhll + 1B 201D ?Rll0) < CIRlly + 1B131RIT)
(we have rudely worsened |[|A]l1/2 < ||hll1). Therefore (12.40) holds for s = 1,

and, as a consequence, (12.37) holds for s = 1, namely ||A&||; < C|hll; (because

IBlla < D).

e For s = 2, we use the product estimate ||uv||; < C|lu||1]|v]2 to deduce that

19: (A g1 12 < 19: (A 11 < 1 ARy [l1 + 1B AIDx] 2l
< C(llhelly + 1B 21 AI Dy V2Rl
< C(llkll2 + 111D RII1) < Clikla.

Therefore (12.40) holds for s = 2, and, as a consequence, (12.37) holds for s = 2.
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e Now assume that (12.40) holds for some s > 2; we prove it for s 4+ 1. The
sum of (12.39) and (12.40) implies that (12.37) holds at that s. We estimate

I8¢ (AR | gz 12 < 1 ARell g 12 + 1B AGI D21 s 2

By (12.40), | Akl gs 2 < C()Ulells +1Blls+3llAe ) < C) U Nls+1 + 11Blls+3
lI21l2) and, by interpolation, this is < C(s)(l|2lls41+ || Blls+4llAll1) because || Bll4 <
1. For the other term, we use the product estimate ||uv|s < C(s)(|lullsllvl2 +
llull2]lv]ls) and (12.37) at s to deduce that

1B AUD W)l s 12 < I1BAAUDL] )l
< CEUBIAUDL )12 + 1Bl | A Dy |2 R) |15)
< CEUBNs+1 113 + 1BIs+11B1sIAN2 4+ 1B1I51A N1 + B3 1Blls+311A112)

whichis < C(s)(||2]ls+1 + | Blls+all]l1) by interpolation. Hence (12.40) holds for
s+ 1.

By induction, we have proved (12.40) for all s > 1. The sum of (12.39) and
(12.40) gives the thesis. O

To prove a time-dependent version of Lemma 12.10, note that the time derivative
of the operator Ry|D,|™ in (12.28) is

8[(RN|Dx|mh) = RN|Dx|mh[ + iﬁ[RN|Dx|m+(l/2)h,

namely Ry|D,|" satisfies the same formula for the time-derivative as the operator
A of Lemma 12.13.
All these proofs can be easily adapted to include the amplitude functiona(t, x, k).

13. Appendix

In this appendix we gather some classical facts that are used in the proof.

13.1. Classical Tame Estimates for Pseudo-Differential Operators on the Torus

Let
Au(x) = Zﬁka(x, ke xeR, (13.1)
keZ
a(x, k) periodic in x, for all k € Z.

Lemma 13.1. (Bounded or regularizing pseudo-differential operators on the torus)

1. Let s, 0, T, K be real numbers with s, o, K > 0 and t > 1/2. Assume that

la(-, )lls+o k)™ <K Vk €Z, (13.2)
la(-, k)|l (k) < K Vk € Z. (13.3)

Then A in (13.1) maps H*(T) into HY° (T), with
[Aulls+o < CKllulls Yu € H'(T),

where C > 0 depends on s + o and 1.
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2. The same conclusion holds if (13.2) is replaced by
laC, B)lly+ose K> < K Vk € Z. (13.4)
Proof. Develop a(x, k) in Fourier series, a(x, k) = > jez aj(k) el/* 3o that
Au(x) =" dig g (k) ™.
n.k
One has

<n>2(x+(r) < ((n _ k>2(s+o) + <k>2(x+(r)) .

Therefore ||Au||H_g < C1 (81 + S2) where

S1i= Z(Zlukl |y — k(k)|) (n — k)26t
Sy = Z(Z |2ty | I&,,_k(k)|) (k>2(s+z7).
n k

By Holder’s inequality, (13.2) implies that
) >2(s+0)

S) < Z(Z'”“ |an—k (k) I ( )(Zk:

< G )l ) llat, B)IIF o
k

20112
= C2K*|Julf

where C = Z (j)~2" is finite because T > 1/2. Similarly, one estimates S,

using (13.3) and one obtains that [|Au|,, <2CiC2K?|u]?.
To prove part (2) of the lemma, it is sufficient to replace (k)* with (n — k)*
when Holder’s inequality is applied to estimate S1. O

We now consider paradifferential operators, which are pseudo-differential oper-
ators with spectrally localized symbols a(x, k) (see [14]). Namely, develop a(x, k)
in Fourier series, a(x, k) = ZjeZ aj(k) e/ 'We shall consider low (resp. high)
frequencies symbols such that a; (k) = 0 for | j| > C|k| (resp. | j| < C|k|).

Lemma 13.2. (Low frequencies symbol) Let A be the pseudo-differential operator
Au(x) = Z dra(e, ket a(x, k) = Z a;j (k) e,
keZ [/1=Clk]

where the symbol a is Fourier supportedon {j € 7 : |j| < C|k|} for some constant
C. Then

[Aulls = C(s) llalisllulls, Nallsy := sup lla(-, k)5,
keZ

forall so > 1/2, and s > 0.
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Proof. Notice that (13.3) holds with 7 = 59 > 1/2 and ¢ = 0. Also, for s = 0,
(13.4) holds with T = 59 > 1/2 and 0 = 0; which in turn implies that (13.4) holds
for any s > O since ||a(-, k) |ls4+5y < K(s)lla(-, k)5, (k)° in view of the spectral
localization. 0O

Lemma 13.3. (High frequencies symbol) Let A be the pseudo-differential operator
Aux) =D dra(x. ke, ax. b= D ajk) e,
keZ [j1>Clk|

where the symbol a is Fourier supportedon {j € 7Z : | j| > C|k|} for some constant
C. Then

lAulls < C(s) llallsllullsys Nlalls := sup lla, k) s,
keZ

forall so > 1/2, and s > s.

Proof. Notice that (13.2) and (13.3) hold with (t, o, s) replaced by (so, s — 50, S0)-
To see this, notice that the assumption that a is Fourier supportedon {j € Z : | j| >
Clk|} implies that [la(-, k) |5, (k)27 < K (s1, s2)lla(-, k)5, forsy > s1. O

We also recall the following estimates for the Hilbert transform (see [33] or
Lemma B.5 in [7]).

Lemma 13.4.(1) Let s, my, my in Nwiths > 2, my,my = 0, m = my +mj. Let
f € H™™(T). Then [ f, Hlu = fHu — H(fu) satisfies

|8 Lf, H19y 2w | < C () ullsf lm2 + Neell2ll f llnts) -

(2) There exists a universal constant § in (0, 1) with the following property. Let
s,m1,mpyinNandsetm = my+my, B € WStm+Loo(T RY with [Blwio < 6.
Let Bh(x) = h(x + B(x)) for h € H’(T). Then

o7 (B~'"HB — H)a7u|, < C()(IBlwm+roollulls + [Blws+n+iooulo).

13.2. Interpolation Estimates
Recall the interpolation inequality: if s1 < s < s7, then
Ifls < CGrsDIfILIFISY s=Asi+ (1 =A)s2, A€[0,1],  (13.5)

where | |g is either the C*-norm the H*-norm (or other norms of a scale with
interpolation). As a consequence, one has the following:

Lemma 13.5. (Interpolation) Let n > 1 be an integer, let § > 0, and let vy, ..., vy,
be real numbers with

n
ij(s ‘v’j:l,...,n, Zl)jza.
j=1

Then )
[T171; = C@Ifl" 1 Flamsnts- (13.6)

j=1
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. n .
Proof. Since ijl v; = a,and each v; is > 1,

vj:a—Zv,-ga—é(n—l).
i#]

Sov; € [8,a — n + 8]. Apply (13.5) withs; = 1,5 =v;, s =a — én + 6, and
define ¢; € [0, 1] by

V=80 +@—dn+81 -9, j=1,...,n

Since vi + - - - + v, = «, we find
n
Zﬂj (a—én)=nld—én+98) —a=(@—5n)mn—1).
j=1

Ifo—é8n #0,then 37 ¥; =n—1land X }_,(1 —¥;) = 1. Thus, using (13.5),

n n
0 1-9; 9i) 1-9;
[T171, < @ [TIAS 17155 = C@I A" 1 11y
j=1

j=1
< C@OIFIE 1 fla—snts-

If, instead, o — én = 0, then v; = § for all j, and the conclusion still holds. O

The previous lemma, which has an interest per se, can be used to estimate the
exponentials. Let v(x) be a function. The derivatives of e are

3% (e"W) = Py(x)e"™,

where P, (x) satisfies Py(x) = 1 and Py41(x) = 9y Py(x) + Py (x)dxv(x). Thus,
by induction,

o
Py(x) =D D COI@ @) @), a=1, (13.7)
n=1 veSy,
where v = (v, ..., v;) € Sy, means v; > 1 and vy + - - -+ v, = «. The previous

lemma implies that
n
1@ 0)(x) - @@ < [TIvlh, = C@l ™ la—nti-
Jj=1

Then use (13.5) with sy = 1, s = ¢« + 1 —n, s = «, namely |[v|g4+1—y <
C(@)v]} *v[% with u defined by

a+1l—n=>0—-pn +au,
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whichis u = (0« —n)/(o — 1). Sincen — u = (1 — u), we get

-1 =1, 1-n n—p
[T let1-n < Cl@)vl] Julp Tlly = Cl@)lvl] "lvly
1—

< Cl)(llf) "ol

< C@)(vIf + [vla).

As a consequence,
|Pe(x)] < C(@)(v] + [vla)- (13.8)

In the case v(x) = i|k|'/?B(x), this gives

[P (x)| < C(a) (1KI*?(BIY + [kI"|Blo)- (13.9)

13.3. Non-stationary Phase

The following lemma is the classical fast oscillation estimate, based on repeated
integrations by parts on the torus, in a tame version.

Lemma 13.6. (Non-stationary phase) Let p € H 2(T, R),

1
Ipllz < K, |p'(x)| < 5 Vx € R, (13.10)

for some constant K > 0. Let o be an integer, w # 0, and let o« > 1 be an integer.
If p € H*TY(T), u € H*(T), then

N
/ M(.X) eiw(erp(x)) dx = (l_) / Qa ()C) eiw()C+P(X)) dx’
T T

13
where Qg € L*(T),

1Qallo = Cler, K) (lulle + l[Pla1 Nluell1)

and C(a, K) is a positive constant that depends only on o and K. If u = 1, then

[Qullo = Clet, K)Ipllat1-

If p = p(x,w) and u = u(x, w) depend on w, the estimate still holds if K >
Ip(, w)ll2 and |35 p(x, w)| < 1/2.

Proof. Put h(x) := x + p(x). By induction, integrating by parts « times gives

N
/u(x) el @) gy = (l—> / Qo (x) /"™ dx,
T w T

where, for @ > 1, Q,, is of the form

1

G = G

Z C(v)(3"™u)(8" h)...(3"™h), (13.11)

VESy
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where v = (vg, V1, ..., Vy) € Sy means
O0<v=<a 1=5vi=<---=Zvy, vot+tv+-+vy =20 (13.12)

Formula (13.11) is proved by induction starting from Qy = 98, (Qqy—1/h"). If we
organize the sum in (13.11) according to the number of indices among vy, ..., vy
that are equal to 1, we obtain

o

1
Qu =2 G 2. C@ @ p)... 0" p). (13.13)
n=0 nely
where u = (o, i1, ..., n) € Ty, means

O<wmo<a—n, 2=<pur <--=pp, pot+pr+-+pu,=a+n.

To estimate the products in (13.13), we distinguish three cases.
Case 1: n = 0. Then o = « and || (0#°u) (3* p) ... (3" p)llo = |0%ullo < |lu|l« -
Case 2: n > 1 and o = 0. Then

[(@"0u)(@"' p) ... (3" p)llo < llull Lo 10" plioe ... 107" pllLel0"" pllo
e 177 P [P o) P [l

where C is the universal constant of the embedding ||u||p~ < C|lul|l;. Now it
follows from Lemma 13.5 applied with § = 2 and | - | replaced with the Sobolev
norms || - ||s (which satisfies the interpolation estimate (13.5)) that

1Pl - 12l s 411121y < C@IPI Pl
Case 3:n, ug > 1. Foranyi > 1,one has 2 < u; < u, < «, because
2b—D+pn <p1+--tun=a+n—po<a+n-—1L
Therefore u; + 1 < « + 1 forall i > 1, and one can write

1(@"0u)(@"! p) ... (3" p)llo

< 0" ullolld"! pllLee ... 10" p|l Lo
< Clullpllpl+1 - 1P+

O 1—v D1+..+0, n—(01+...49,)
< C)lull{®llully " oI5 "Il !

where g, ¥, ..., 9, € [0, 1] are defined by

wi+1=29+@+1D)(A—-v) Vi=1,...,n,
no =199 + a(l — ).
Taking the sum gives ¥g + 1 + - - - + 9, = n because o+ u1 +-- -+ U, = ¢ +n.
One deduces that

17 1-9, B4+, n—(01++0)
Nl Nl " Nl "pllyy !

—1 —
< lIpl5~ diplaliulle) =" Al plla-sillul)™
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which in turn is smaller than

P15~ Alpl2lulle + I pllasillel )

because a' ?H” < (1 —¥)a+ b <a+bforalla,b> 0,0 € [0, 1].
Since ||1/h'||z~ < 2, collecting all the above cases gives

1Qullo = Cler, K)(lulle + | Plla+1llzel1)

for some constant C (o, K) > 0, because ||pll2 < [|Bll2 < K. Note that all the
calculations above are not affected by a possible dependence of p on w.
When u = 1, only the case 2 gives a nonzero contribution to the sum. 0O

134. L*(T) as a Subspace of L%(R)

For the sake of completeness, we recall here how to define an isomorphism of
L*(T) onto a subspace of L*(R), transforming Fourier series ), <7, into Fourier
integrals [, d&.

Consider a C* function p : R — R with compact support such that

(i) 0<p(x) <1 VxeR, (iii) p(x) =0 Vx| >37/2,
i) p(x) =1/2 Vx € [-m, 7], (v) p(x) =1 Vx| <7/2,
) Zp(x +27k)=1 Vx eR.

keZ

Let S be the multiplication operator (Su)(x) := p(x)u(x), u € L*(T), and X its
range,

X :={Su:u e L*(D)} c L*(R).
The following properties of S follow directly from the properties of p.
Lemma 13.7. (The isomorphism S) The map S : L>(T) — X is bijective, and

1
5 lllzoemy < ISullo@y < 2wl 2y Yu e L*(T).

Ifu,v € L>(T), then
(u, U)LZ(’H‘) = (Sl/l, U)LZ(R) (1314)

(the integral (Su, v) L2(R) IS well-defined because Su has compact support). In
particular, for v = ey,

ik = (u, e0) p2m) = (Su, e oy = Sw)(k) Vk € Z. (13.15)
Therefore

St un) = Sk e(x) Su<x>=/R(T9u\><s>eg(x>ds. (13.16)

keZ

We also recall the following version of the Poisson summation formula.
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Lemma 13.8. (Poisson summation formula) Let g : R — C of class C', with

(1+EH(1g@®)+1g'E)) < C Ve eR,

for some constant C > 0. Then for every x € R the following two convergent
numerical series coincide:

Pg(x) =D gx+2mk) = D> g(k)e'*r.

keZ keZ

At x = O this is the Poisson summation formula D ;7 g2rk) = > .7 &(k).

Moreover,
> [ e e e = 3 s (13.17)

keZ keZ

We next show that the operator P admits a unique continuous extension to the
space of functions g such that (1 + |x|*)!/2g(x) € L2(R) (which is equivalent to
g = h for some h € H'(R)).

Lemma 13.9. Let g € L2(R) with Tg e L2(R), where (T'g)(x) := xg(x). Then
the sequence {§(k)}xey, is in £2(Z), the series u(x) := > rez 8k) €% belongs to
L%(T), with

lullz2ery < 20181 2wy + 1IT8 N 2R))-

If, in addition, g satisfies the hypotheses of the previous lemma, then u(x) = Pg(x)
for every x, whence

IPgliz2ry < 23182y + 1Tl L2 (R))-
Proof. ||u||§2m = 1cz |18(k)|>. Forevery £ € R,
181 < (185 + 1800 — 2®)) < 20181 + 13(K) — 3(©) ).
Let Iy :=[k—1/2,k+ 1/2]. Then
2P = [ s <2 / 2P dE +2 / 800 — 8(6)1 de.
Iy Iy Iy

By Holder’s inequality,

3
/Ié(k)—é(é)lzdés/ / 80 dr
Iy Iy |Jk
3
5/ / 80P de| [k — £ de
Iy | Jk

< / ( |§’(t>|2dr) de = / 12/ de.
Iy Iy I

2
dg
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Therefore
DemF <2 [ (1EP+18®)7) de
keZ AR
=2 /R 1GE P +18' G d& = 2018172 g + ITII72g)-
O

Remark 13.10. Denote by Aj is the Fourier multiplier with symbol (£)* = (1 +
|E]%)%/2. Clearly

APf(x) =PAf(x) = D fk)k)e™

keZ

for all test function [ € CSO(R), namely A;P = PA;. The previous lemma thus
implies that

IPglasery <2 (Iglas® + 1ITAsgl2w)) -

Now one has T Ay = AyT +sAs_20y, as can be checked directly using the Fourier
transform, so that

IPgllasm = CEUEas®) + 1Tl Hs ®)) (13.18)

where C(s) = 2(1 + |s]).
Note that, for s integer, 0;7 = T0; + sa;*‘, and this is useful to calculate
ITgllpsr) using [0y T gl 2(w)-

Observe that PS = I because, for u periodic,

PSu(x) = Z(Su)(x +27k) = Zp(x +2mk)u(x) = u(x).
keZ keZ

Moreover,

W, vewy = Py, v)2my V¥ € CR), ve LZ(T). (13.19)
Indeed,

W, 0w = /R ¥ (x) (Zﬁ_ke”“) dx = D" P (k) ix.

keZ keZ

and also

Py, v) 21y = /T (Z&(k)e““) > D) dx = > (k) b

keZ JEZ keZ
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