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Abstract

These lecture notes provide a self-contained introduction to microlocal analysis, a
branch of modern analysis used today in many fields. The main goal is to give
complete proofs of the continuity of pseudodifferential operators on Sobolev spaces,
of the symbolic calculus for pseudodifferential operators, and of Hormander’s the-
orem on the propagation of singularities. This book also contains a self-contained
introduction to the study of the Fourier transform as well as exercises for those who
wish to test their understanding of the theory by practice. Students will find many
additional problems in the book [1] that Claude Zuily and I have recently written.
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Introduction

How to act on a function to study its regularity? How to act on the solutions of a
partial differential equation to conjugate it to a simpler equation? There exist many
possible answers to these general questions. The ones we will study in this course
come from a theory developed since the sixties, known as microlocal analysis, and
used today in many fields. It has its origin in the discovery made two centuries ago
by Fourier that the heat equation

d
Ou—Au=0 where A= Z 851_,
j=1

can be reduced to an ordinary differential equation

d
dv+|EPv=0 where &= ijz

J=1

Fourier observed already in 1812 that any function is a sum of oscillatory exponen-
tials, which are the functions R? 5 x +— ¢ € C where x - & = x1&] + -+ + x4&4.
It turns out that this idea of decomposing a function into oscillatory exponentials is
extremely fruitful. It is now used in all sciences. In mathematical analysis, this idea
allows to solve many linear partial differential equations, but also to study subtle
qualitative properties of the solutions of nonlinear partial differential equations.

The study of microlocal analysis is a very vast subject. We refer the reader to the
books of Hormander for a thorough presentation of this field. One of the main objects
studied by microlocal analysis are the so-called pseudo-differential operators, and
we limit the scope of these lectures to the study of the main properties of these
operators.

There exists many definitions with many variants of a pseudo-differential operator.
We follow here the classical definition introduced in the work of Kohn-Nirenberg



and Hordmander. We say that T is a pseudo-differential operator if we can define it
from a function a = a(x, &) by the relation

(0.0.1) T(e™?) = a(x,&)e™?.

We then say that a is the symbol for 7 and we denote T = Op(a). For instance, the
operator associated with the symbol a = ), a,(x)(i£)? is simply the differential
operator Op(a) = ., an(x)d¢ (with classical notations).

One of the main goal of these lectures is to show that the pseudo-differential calculus
is a process that associates to a symbol a = a(x, &) defined on R? x R¢ an operator
Op(a) such that one can understand the properties of these operators (product,
adjoint, boundedness on the usual spaces of functions...) simply by looking at the
properties of the symbols. Then, by using symbolic calculus we will be able to study
the microlocal regularity of a function, i.e. study its wavefront set.

The main goal of this course is to give complete proofs of the continuity of pseudo-
differential operators on Sobolev spaces, of the symbolic calculus for pseudo-
differential operators, and of Hormander’s theorem on the propagation of singu-
larities.

The application that associates an operator Op(a) to the symbol a is called a
quantization. There are very many quantizations that are known to be useful, which
are variants of (0.0.1). We will also discuss Bony’s quantization, which is perfectly
suited for non-linear problems.

This book also contains a self-contained introduction to the study of the Fourier
transform as well as exercises for those who wish to test their understanding of
the theory by practice. For additional applications and problems, the readers are
referred to the book [1] that Claude Zuily and I have recently written.

The study of pseudo-differential operators is a very vast subject. I refer to Hor-
mander [17] for the general theory as well as Alinhac and Gérard [2], Grigis and
Sjostrand [14], Lerner [18], Métivier [19], Saint-Raymond [23], Taylor [25] or
Zworski [29] for other introductions to this theory.
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The Fourier transform






Chapter 1

Functional analysis

We begin by studying some classical results in functional analysis that explain why
trigonometric polynomials are dense in the space of continuous or square integrable
periodic functions.

1.1 Stone—Weierstrass Theorem

The space of continuous functions has the property of being an algebra. It is
natural to try to determine whether some remarkable sub-algebras are dense. The
main example concerns the study of the approximation of continuous functions by
polynomial functions. There are two fundamental results. The first one, due to
Weierstrass, states that any continuous function can be approximated on a compact
interval by means of algebraic polynomials P(x) = 27:0 a,x". The second shows
that a continuous periodic function can be approximated by trigometric polynomials
of the form P(x) = co + ZnNzo(an cos(nx) + b, sin(nx)). Both results are in fact

consequences of the following abstract result.

Theorem 1.1.1 (Stone—Weierstrass). Let X be a compact metric space and equip
the space C(X;R) of continuous functions with real values of the uniform norm,
I fIl = sup,ex | f(x)|. Consider a unitary sub-algebra A of C(X;R) (this means
a subset of C(X;R) that contains the constant functions and which is stable by
addition and multiplication: if f,g are in A then f + g and fg are in A). It is
further assumed that A separates the points of X in the sense that, for all x,y in X
with x # y, there exists f € A such that f(x) # f(y). Then A is dense in C(X;R).
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Proof. The proofis based on three different ideas. The first one concerns the solution
of the problem of the approximation of the absolute value function by polynomials.

Lemma 1.1.2. Forall a > 0, there exists a sequence of polynomials {p, }nen which
converges uniformly to the absolute value function on [—a, a].

Proof. By the elementary change of variables u(x) — u(x/a), we return to the
case a = 1. We will start by constructing an auxiliary sequence of polynomials that
converges uniformly to the square root function over the interval [0, 1]. Consider
the sequence of functions P,: [0, 1] — R defined by induction:

(1.1.1) Po=0 and Pn+1(x):Pn(x)+%(x—Pn(x)2).

Then P, is a polynomial function such that 0 < P, (x). Let us show by recurrence
that P,(x) < +/x for all x in [0, 1]. For this we write

Pt () = Pa() = 5 (VE = o) (VT + Py (1)

then the induction hypothesis is used to study the right-hand side. We obtain that
the first factor 4/x — P, (x) is non negative and that the second factor vx + P, (x) is
bounded by 2, hence the desired result:

Pui1(x) < Pu(x) + (\/__ Py(x)) = Vx.

Now, going back to the definition of the sequence (1.1.1), we see that the property
0 < P,(x) < +x implies that, for all x in [0, 1], the sequence {P,(x)},>0 is
increasing and bounded; and therefore convergent. The limit P(x) of this sequence
satisfies the equation P(x) = P(x) + %(x — P(x)?), hence P(x) = /x. Then, we use
the classical Dini’s lemma (see Lemma 1.1.5) to show that the sequence {P,},>0
converges uniformly to its limit 4/x on [0, 1].

Now, define p,(x) = P,(x?) to obtain a sequence of polynomials that converges
uniformly to the absolute value function over the symmetric interval [—1, 1]. This
completes the proof. O

The second idea of the proof is that A satisfies the following stability property.

Lemma 1.1.3. If f and g are two elements of A, then max{f, g} and min{f, g}
belong to A.



Proof. Let f,gin A. Then f + g and f — g belong to A. Thus, to prove this lemma,
it is sufficient to prove that A is stable by taking the absolute value (that is, to prove
that if f belongs to A, then | f| too). Indeed, we will deduce the desired result from
the elementary identities

X+y+lx—y

x+y—|x—y
2 ’ '

min{x, y} = >

max{x, y} =

Consider a function f in A, and let us show that | f| is in A. There exists a sequence
{fp}penw with f, € A and which converges to f uniformly on X. Since X is
compact, f(X) is bounded in R, from which we deduce that there exists a > 0 such
that f,(X) C [~a,a] forall p € N,

Lemma 1.1.2 implies that there exists a sequence of polynomials {p, (#)} that con-
verges to the absolute value |7| uniformly on [—a, a]. Then, for all & > 0, we can find
two indices n and p such that ||fp — f|| < &/2 and Sup,e(_g 41 IPn (1) — 2] < /2. It
follows directly that ||pn( )= 1f ||| < &. Since A is an algebra, p,(f,) belongs to
A, which implies that | f| belongs to A. ]

It then remains to explain how this property of being stable by switching to absolute
value comes into play. This is the object of the following lemma.

Lemma 1.1.4. Let X be a compact topological space that contains at least two
elements. Assume that H C C(X;R) satisfies the two following conditions:

a. Forallu,v in H, the functions max{u, v} and min{u, v} are in H;

b. for any pair of distinct points of X, if ay and a; are two real numbers, there exists
u € H such that u(xy) = a; and u(x;) = as.

Then H is dense in C(X;R).

Proof. Let f € C(X;R) and &€ > 0. Let us fix a point x € X. For all y # x, there
exists v, € H such that v, (x) = f(x) and v, (y) = f(y). Set

Oy={z€X :vy(z) > f(2) —&}.

For all y € X, O, is an open set which contains both y and x, so X = U,,,0,. By
compactness we can extract a finite subcover, which means that X = U;.:l Oyj, with
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y;j # x forall j. Let us then set u, = max{vy,,...,v,, }. Then this function satisfies
u, € H and furthermore

uc(x) = f(x), and Vx' € X, u,(x’) > f(x') —e.
We now vary x and define for each x € X,
Q. ={xeX :u(x) < f(x')+e}.

Thus €, is an open set by continuity of v. Moreover €2, contains x. The compactness
of X can be used again to get a finite number of points such that X = Uf: 1 €2y, Finally,
let us set u = min{u,,, ..., uxp}. Then u € H and, for all x € X, we have

f(x)—e<ulx) < f(x)+e.

This proves that || f — u|| < &, which ends the proof. O

The end of the proof of the Stone-Weierstrass theorem is easy. Firstly, if X is reduced
to a single element then the result is trivial because C(X;R) consists of constant
functions, which belong to A by assumption. Otherwise, if X contains at least
two elements, then Lemma 1.1.3 shows that H = A satisfies the first hypothesis of
Lemma 1.1.4. It only remains to check that H = A satisfies the second hypothesis.
For that, consider x, x> in X and two real numbers @) and a;. As A separates the
points, there exists f in A such that f(x;) # f(x2). We then define u by

S = fla)
) = f (1)’

u(x) =ay + (a2 —ay)

This function belongs to A (thus to A) and satisfies the desired property. This
completes the proof of the theorem of Stone-Weierstrass. m|

For the sake of completeness, we recall Dini’s lemma that we used in the proof of
the Stone-Weierstrass theorem.

Lemma 1.1.5 (Dini). Let I be a compact interval of R. Consider a sequence of
continuous functions f,: I — R with n > 0, which is increasing in the sense of

fu < fus1. If the sequence converges pointwise to a continuous function f € C°(I),
then it converges uniformly.

Proof. Lete > 0. ForallintegernweputQ, ={x € I : f,(x) > f(x)—&}. Thesets
Q,, are open because the functions f;, and f are continuous by assumption. Moreover
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these sets satisfy Q, C Q,4 and I = U,cnQ, (because the sequence ( f;)nen is
increasing and converges pointwise to f). By the Borel-Lebesgue property, there
exists an integer m such that I = Q,,, and thus such thatforallx € I, f,,(x) > f(x)—¢.
By increasing convergence one has the other inequality: f,(x) < f(x). Thus,
IIf = fmllew < &, which proves that the convergence is uniform. O

The next result is an easy extension of the Stone—Weierstrass result to the case of
complex valued functions.

Corollary 1.1.6 (Stone—Weierstrass, complex version). Consider a compact metric
space X. Let us equip the space C(X; C) of those continuous functions with complex
values with the uniform norm, || f|| = sup,cx | f(x)|. Consider a sub-algebra A of
C(X;C), unitary, stable by complex conjugation (if f € A then f belongs to A) and
separating the points of X. Then A is dense in C(X;C).

Proof. Note that if f € A then Re f and Im f belongto A. Set H = A N C(X;R).
Then H is a sub-algebra of C°(X; R) which is unitary and which separates the points
(if x # y and if f € A is such that f(x) # f(y), then either Re f is suitable, or
Im f is suitable). So H is dense in C(X;R). This implies the desired result by
decomposition into real and imaginary parts. O

We are going to apply the previous result to the study of periodic functions f: RY —
C. To simplify the notation, rather than considering arbitrary periods, we will assume
that the functions are 2m-periodic with respect to each variable (otherwise use
change of variables of the form f(xi,...,xq) — f(T\x1/(2n),...,Tyxq/(27))).
By definition, a function f: R? — C is 2z-periodic with respect to each variable if

fx+2me;) = f(x).
We will simply say below that f is periodic.

Definition 1.1.7. A trigonometric polynomial is a function P: R¢ — C of the form

P(x) = Z cpe™*,

|n|<N
withN e N,n = (ny,...,ng), |n| =n1+---+ng, ¢, € Candn-x = nix1+---+ngxg.

Corollary 1.1.8 (Density of trigonometric polynomials). Consider a continuous
and 2r-periodic function f: RY — C. For all € > 0, there exists a trigonometric
polynomial P such that sup,cga | f(x) — P(x)| < €.

9



Proof. Let us note S! the circle of complex numbers of modulus 1 and introduce
T¢ = §' x - -+ x S!, the product of d copies of S'. Consider the algebra of functions
f: T¢ — C which are continuous. Denote by A the sub-algebra formed of functions
of the form P(z) = X, <y ca2" Where 2" = z|' --- 2. Then A is a sub-algebra of
C(T¢;C), unitary, stable by conjugation and separating the points (trivially). The
Stone-Weierstrass theorem (in the complex version) implies that A is dense. To
conclude the proof, let us now consider f: RY — C continuous and 27-periodic
with respect to each variable. Then we can define a function F: T¢ — C by
F(e™,...,e%) = f(xq,...,xq) and apply the previous result. o

1.2 Hilbertian bases

Consider a complex Hilbert space H equipped with a scalar product (-, -).

A sequence of elements (e, ),cn in a Hilbert H space is called an orthonormal system
if and only if
(en,em) =0 Vn,m € N,

where ¢, = 1if n = m and 0 otherwise.

The following result states that one can always obtain such orthonormal systems
starting from a family of linearly independent vectors.

Proposition 1.2.1 (Gram-Schmidt orthonormalization). Let H be a vector space
with a scalar product. Consider a family (u,),en of linearly independent vectors.
Then there exists an orthonormal system (e,),ecs such that, for all N € N,

vect{eog,...,en} = vect{ug, ..., un}.

Proof. We set eg = ug/||ugl| and define the following elements by recurrence, so
that

€n = Vn/”Vn” where Vn = Up — (un» 60)60 - (um en—l)en—l-

We check that e, is orthogonal to vect{eo, ..., e,_1}. O

The main inequality concerning orthonormal system is given by the following result.
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Lemma 1.2.2 (Bessel Inequality). Consider an orthonormal system (e,),en and f
an element of H. Then

DA enP < IFIP.
n=0

N
Proof. Set Syf = ) (fen)en. We have
n=0

N
ISvfIP = >0 (frew) (Frem) (enpnem) = D 1(fren).
0<ny,mp<N n=0

We deduce that
N N
(fSvF) = Y (f- (Frenen) = D 1(Fren) = ISN I
n=0 n=0

Consequently, the Cauchy-Schwarz inequality implies that

ISv 17 = (f- Snf) < IFIISH Al
hence ||Sy f|| < || f]| and the wanted result follows by letting N goes to +co. O

Theorem 1.2.3. Consider a Hilbert space H. The following properties are equiva-
lent:

i) The vector space generated by {e,} is dense in H.
+00

it) For all f € H, | f* = Y |(f.en).
n=0

iii) For all f € H, the series Z(f, e,)e, converges to f.

iv) If f € H satisfies (f,e,) =0foralln € N then f = 0.

Proof. The implications iii) = i) and iii) = iv) are trivial. Let us prove that
ii) = iii). To do so, we use the identity (f, Sy f) = |[Snf]|* (see the proof of the
above lemma) to deduce that

If = SnfIIP = IFIP + ISv fII* = 2Re(f, Snf) = IIF 17 = ISvfII%,

11



which implies

2 N
=117 = D1 en.
n=0

N
(1.2.1) Hf— D (frenen
n=0

N N
This proves that f — Z(f, en)e, converges to 0 if Z |(f, en)|? converges to I£I1%.
n=0 n=0

Consider the implication i) = ii). Let us recall that ||Sy f|| < ||f]| for all f € H.
Let E be the vector space generated by {e, },en. Let € > 0 and let f € E such that
Ilf = f'll < e. For N large enough we have Sy f’ = f. In addition

ISvf =Snfll = ISv(f =N <Nf = fll <&,
SO
ISNf = FIl S WSNF=SnF I+ ISnf = Fl+If = fll <e+0+e.

Therefore, (f — Sy f) converges to 0. Now we can pass to the limit in (1.2.1). and

400

we get || f||I* = Z |(f, en)|*, which concludes the proof of i) = ii).
n=0

We now move to the implication iv) = iii) (this is where we use the fact that H
is complete). Set a, = (f,e,) and f, = ZZ _; anen. Bessel’s inequality results

in (a,) € ¢*. Now, for m > p we have ||/, —fp“2 = Ynpil la,|* and thus the
sequence (f,) is a Cauchy sequence, hence converges to an element denoted by
f’. But then (considering the partial sums and passing to the limit) we find that
(f’,en) = a, for all n, which means that (f — f’, e,) = 0 for all n. We deduce that

f = 2" anen, which concludes the proof. |

1.3 Fourier series

For p in [1, oo], we will note Lger(Rd) the space of measurable functions f: R — C,
which are periodic and such that | f|? is integrable on the cube [0, 27]¢ (then | f]” is
integrable on any compact of R? by periodicity). We quotient the spaces Lger RY)
by the equivalence relation of equality almost everywhere.

A trigonometric polynomial is a function of the form

(1.3.1) P(x) = Z ape’®,  a,eC, kezd,
|k|<N

12



where we used the notations
k-x=kixy+- - +kaxa, |kl =Jk?+---+k2.
Let e, be the function (called the oscillatory exponential) defined by
ex(x) = e** = exp(ik - x),
and introduce the scalar product (-, -) defined on Lger(Rd) by

1 _
e /[ L TORTa

The key point is the orthogonality relation

(f.8) =

(ekr,er) = 5',2/ (equal to 1 if k = k" and O otherwise),

which is satisfied by a direct calculation. We deduce that the coefficients a; in
(1.3.1) satisty

B 1
~ (2n)d

ax / P(x)e **dx, VkeZ?.
[0,27]4

This motivates the following definition.

Definition 1.3.1. Given a function f € Lll)er(Rd), we define the k™-Fourier coeffi-
cient of [ by
1

—ik-x
(2m)d ./[o,zn]d flx)e T dx,

and we call Fourier series of f the sequence (Sy(f))nen defined by

Snf() = ) fke™.

|k|<N

f(k)=(f,ex) =

Il,er(Rd) such that ||Syg — gl|;1 does not tend to 0 as N goes to

+co. This explains that one has to seek convergence in other spaces. The simplest
and perhaps most important result to know about Fourier series is the following
theorem.

There exists g € L

Theorem 1.3.2. Forall f € L2_.(RY), we have

per

f=) fe**

kezd

13



with convergence in Lger(Rd), which means that

lim ||f—Snfll;2=0 where Syf(x)= Z f(k)eik.x'
N—+00 “

In addition

A2 = D" 1F (P

kezd

Conversely, if c = (cy) € €2(Z%), then the series Z cre'®™ converges in Lger(Rd)
kezd
to a function f satisfying f (k) = cy.

Proof. We have already noticed that (e )cza is an orthonormal family : (eg, ex/) =
0if k # K’ and ||ex||;2 = 1. Thus, according to the Theorem 1.2.3 on Hilbertian
bases, to prove this result, it is sufficient to show that the vector space spanned by
F = vect{ey : k € Z} is dense in Lger(Rd). Let f € L%er(Rd) and € > 0. Since
the set Cger(Rd) of continuous and 27-periodic functions is dense in Lger(Rd ), there
exists g € Cger(Rd) such that || f — g||;2 < &. Moreover, we have seen that the Stone-
Weierstrass theorem implies that trigonometric polynomials are dense in Cger(Rd).
Precisely, the Proposition 1.1.8 implies that there exists 4 € vect{e; : k € Z¢} such

that ||g — h||;~ < &. We deduce that
If = hll2 < 1If =gl +11g = hll2 < £+ Qm) llg = Rl < (1+(2m)Y)e.

This shows that F is dense in L2 (R?), which ends the proof. O

per
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Chapter 2

The Fourier transform

2.1 From sums to integrals

We will study a decomposition analogous to the Fourier series decomposition, but
without making any periodicity hypothesis. Here also the goal is to write a function
as a sum of oscillatory exponentials. Recall that an oscillatory exponential is by
definition a function of the form x — exp(ix - &) with & € R?. The difference
with Fourier series is that this sum will be an integral on R? instead of being a sum
indexed by k € Z¢.

The Fourier series decomposition of a periodic function is well understood: it is
the decomposition of an element of a Hilbert space on a Hilbertian basis. On the
other hand, the decomposition of a non-periodic function as a sum (in the sense
of integrals) of oscillatory exponentials is less intuitive. To understand how this
decomposition is obtained, we will start from the Fourier series decomposition for
functions which are 2T -periodic with respect to each variable, and then make T go
to +00. The heuristic idea is to see a function defined on R as a periodic function
of period +co with respect to each variable.

Consider a function f which is C* and has compact support. For T large enough,
the support of f is included in Q7 =] — T,T[¢. We will compute the Fourier
decomposition of f in L?>(Q7) and make T tend to +co. To do so, let us let us
introduce the scalar product (f,g) = (27)™¢ /QT f (x)g(_x)dx on L?(Qr) and set

ex(x) = exp(ink -x/T) where k € Z¢. These functions are 2T-periodic with respect
to each variable and we have (eg, ¢;) = 52. The Fourier coeflicients of f are given

15



by

ik - x

(2;)[]/QTf(x)exp(— T )dx

Let us fix x € R?. Since f € Cy’(Qr), we have

A

fi="(f.er) =

F) =D frew()

kezd

(with normal convergence and thus pointwise). We can therefore write that

1= 3 At = 3 ([ s (- E5)a Jexn ().

kezd kezd

As the support of f is included in Q7, we observe that

([, 7000 (- o) (252 o

with
1
F@) = gzewling x) [ FO)exp (=ing-y)dy.

If we put & = 1/T, then f(x) is equal to Y., cza hF(kh). When T tends to +oo, the
step & tends to 0 and this sum is a Riemann sum which converges, formally !, to
Joa F(&) dé. We find that

1 . .
f0) =55 /R ) e e ( /R . e f(y) dy) dé.

We prefer to write the previous relation in the form

1 ix- —iy-
erT /Rde f(/Rde yff(y)dy)df.

This formula corresponds to a frequency description of the function f (in the

physical literature, & is called the wave vector and |£] = /ff + .-+ &2 is said to be
the frequency).

2.1.1) f(x) =

1As we will see later, it is easy to show that if f is C® with compact support on R, then the
function F is integrable on R¢. This would allow to justify the passage to the limit when T tends to

+o00.
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Definition 2.1.1. Ler f € L'(RY). We call Fourier transform of f the function,
denoted f or F (f), defined for all ¢ € R by

2.1.2) f) = /]R e f () dx.

The assumption that f is an integrable function is the minimal assumption for the
formula (2.1.2) to make sense for the Lebesgue integral. This is why we start by
defining the Fourier transform on L' (R?). But we will see that it is natural to work
with other function spaces. We will see two results in this direction. As for the
Fourier series, an essential result is that the Fourier transform preserves the L?-norm
(up to a constant depending on ). This allows us to extend the definition of the
Fourier transform from L' (R¢) N L?(R%) to L*(R%). We will also see how to define
the Fourier transform on a much larger space, the space of tempered distributions,
which contains all the Lebesgue spaces L”(R?) as well as the Lebesgue spaces
Lger(Rd) of periodic functions, and this whatever 1 < p < oo. In particular, this
Fourier transform extended to the space of tempered distributions also contains the
theory of Fourier series. Let us add that the space of tempered distributions contains
many other spaces useful in the theory of partial differential equations. We will study
the case of the Holder spaces, and introduce the Littlewood-Paley decomposition to
give a characterization of these spaces which is very useful.

2.2 Schwartz class

To construct a Fourier transform on a space which is as big as possible, we will use a
duality principle. The process is the following: if 7" is a continuous linear application
from E into E then T* is continuous from E* into E*. Moreover if E ¢ L'(R%)*,
then L' (R?) c E*. So to extend the definition of the Fourier transform to a space
larger than L'(R?), we will try to define it as the adjoint of an isomorphism of a
space E included in L' (R?). (A word of caution: this corresponds very roughly to
what we are going to do. Indeed, we will not be able to work in the framework of
Banach spaces. We will have to work in the framework of Fréchet spaces.)

We have to look for a space, the smallest possible, such that the Fourier transform
is an isomorphism of this space in itself. This principle is very simple but we will
see that its implementation is subtle. Indeed, the following proposition shows that
we cannot use the space we spontaneously think of (the space of functions C* with
compact support).
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Proposition 2.2.1. There exists no non-zero f € L'(R) function with compact
support and whose whose Fourier transform is also compactly supported.

Proof. Let f € L'(R) have compact support. Then we can define F: C — C by
F(z) = / e f(x) du.
R

Note that F'(¢) = f (¢) for all £ in R. Hence, F vanishes on an interval. As F is
an entire function (holomorphic on C), we get that F' = 0 because a non zero entire
function can only vanish on a discrete set. O

Instead of working with C* functions with compact support, we will work with
work with functions C® which are rapidly decayingat infinity, in the sense of the
definition below.

Definition 2.2.2. (i) A function f is said to be rapidly decreasing if the product of
f by any polynomial is a bounded function.

(ii) A function f is said to belong to the Schwartz class S(R?) if f and all its
derivatives are rapidly decreasing. It is equivalent to say that, for all p € N,

Np(f)= Z

le|<p.IBI<p

|x“85f < +00.

‘L“’

Remark 2.2.3. Note that
Co(RY) ¢ S(RY).

The basic example of a function of S(R?) that is not an element of e (RY) is the
gaussian x — exp(— |x|?). This function plays a special role in the study of the
Fourier transform. More generally, for all complex numbers z of real part Re z > 0,
the function exp(—z |x|*) belongs to S(RY).

Note that NV, is a norm on S(RY) for all integer p. However, if we consider S(R?)
as a normed space for this norm, then we do not get a Banach space (a Cauchy
sequence for this norm does not converge in general to a C* function). The correct
topological notion is that of a topological vector space with a family of semi-norms.

Proposition 2.2.4. The Schwartz class is a graded Fréchet space for the topology
induced by the family of semi-norms {N} pen.
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The following proposition contains several simple properties which are very useful.

Proposition 2.2.5. Suppose that f belongs to the Schwartz class S(RY). Then

(i) For all multi-indices o and B in N¢, we have x“@ff e S(RY) (and the
application f x“@ff is continuous from S(RY) into S(RY)).

(ii) The product of two elements of S(R?) belongs to S(R?) (and the product is
continuous from S(R?) x S(R?) into S(RY)).

(iii) For all p € [1,+c], we have f € LP(R?) (and the injection of S(R?) into
L?(R?) is continuous).

(iv) C(RY) is dense in S(RY).

(v) The product of convolution of two elements of S(RY) belongs to S(R?) (and
the convolution product application is continuous).

(vi) The Fourier transform fbelongs to CY(R?) and, for all 1 < j < d and all
£eRY
O, f(é) = F ((=ix)) f) .

(vii) Forall1 < j < d and all ¢ in RY,

&7(6) = =i (0, ©).

Proof. The first two points are immediate consequences of the definition of S(R?).
To show (iii), we begin by observing that
(2.2.1)

£l = / |f(x)] dx < sup{(1+|x|)d+1 If(x)l}/ (HTXW < CNasi (f).

Then we observe that f € L®(R¢) (direct) and we conclude that f € L?(R?) for all
p € [1,+00] because L' (RY) N L*(R?) is included in L? (R?).

To prove the point (iv), consider a function y € C7 (R?) and show that, for any
function f of S(RY), the sequence y(-/k)f converges to f in S(R?) when k
tends to +oco. For that, it is enough to verify that, for all p € N, the semi-norms
N, (f = x(-/k)f) tend to 0. This calculation is left as an exercise.
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To show (v), consider f and g in S(R?). Then the convolution product f * g is C*
on R? and, for all multi-index S in N¢, we have 8xﬁ (f*g)= (af f) = g. Moreover,
for all m € N, we have

™ < (Ix =yl +1yD™ < 2max{lx = y|, [yIH)™ < 2" (Jx = y" + |y[").

So

x“(')f(f % g) (x)‘ is bounded by

[ (b=t

We then use the obvious inequality||F = G||;~ < ||F||;~ ||G||;1 and the points (i)

and (iii) to bound the L'-norm of g and y?g by semi-norms of g in S(R?).

o f =918l +

o (= )|yl g ()l ) dy.

To prove the point (vi), it suffices to observe that the hypotheses of the Lebesgue
derivation theorem are satisfied and then apply this result. Finally, the point (vii) is
obtained by writing that

fje—ix{ _ i(?xje_ix'f,

then integrating by parts:

676 = [ 0,e ) 7w @ =i [ 0, 1 ax=-i7 (0,7 ©.

This manipulation is justified because f is rapidly decreasing (we can then integrate
by parts on a ball B(0, R) and then make R tend to +o0). O

The following proposition shows why S(R?) is the right space to study the Fourier
transform.

Proposition 2.2.6. The Fourier transform maps S(RY) to itself, and there exist
constants C,, such that, for all f in S(RY),

(22.2) Ny () < Cp Nprar (f)-

This proves that the Fourier transform is continuous from S(R?) into itself.

Proof. Let f € S(R?). We can use the previous proposition to get

ol F(o)| =|r{or e reo}|
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Suppose that |@| < p and |B8] < p. Using the inequality ||u]|;~ < |lu||;: and the
formula of Leibniz, it comes

el fo) <lor i nl, <k Y, [ary]

L
le’|<p,|B’|<p

The desired inequality is derived by applying (2.2.1). O

We have said that Gaussian functions play an important role in the study of the
Fourier transform. It is because of the following result, which states that the Fourier
transform of a Gaussian function is a Gaussian function.

Proposition 2.2.7. For all a > 0 and all dimension d > 1,

7:(e—a|x|2) _ (E)‘”Z o-lePlda

a

Proof. Let us start with the case of dimension of space d = 1 in the special case
with a = 1. Set f(x) = ¢~**. The Fourier transform of f, denoted F(f)(£), is a
regular function regular function which satisfies

7@ = [(imee a1 [ eo.era
= %l /R (~if)e e d
5o
(F () = ~36(F (&),
By using
/R e dx = V7

we deduce that
(F)(&) = e EHF£)(0) = Vre £/,

We get the result by some simple manipulations: if f(x) € L'(R?) then the
Fourier transform of f(x/A) is |1|¢f(1&). Moreover the Fourier transform of

fi(xn) - fa(xa) is fi(€1) -+ fa(€a)- =

We are then able to prove the following fundamental result.
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Theorem 2.2.8. If u belongs to S(R?), then, for all x in R,

u(x) = (zﬂ)d/eix-é’ﬁ(f) de.

Remark 2.2.9. We saw that if u € S(RY) then widehatu € S(RY). We have also
seen that S(RY) ¢ L'(R?) and thus the function & — e™“€u(&) is integrable. The
previous formula makes sense for all x € R,

Proof. Given &€ > 0 let us introduce

1
(2m)¢

ug(x) =

/e"x'gi[(f)e_%gz"f'2 dé.
Using the previous lemma we compute (handling only convergent integrals)
! i3 €, (y) o~ 32k
ug(x) = e u(y)e2" F dy dg

(2m)d
2
/ u(y)e z2 g gy

B 1
- (271')‘”2
1

= G | s en) —uC0)e T ay ),

Since
lu(x +ey) —u(x)| < &yl lu'll g,

we obtain the desired result by passing to the limit when & tends to 0. O
Theorem 2.2.10. If f and g belong to S(RY), then

1
(2m)4

/fmaﬂw= '/ﬂaﬁéﬁ.

In particular, for all f in S(R?), there holds
T —
L* — (27r)d L*
Proof. We will start by showing that if ¢, € S(R?), then

(2.2.3) /amwmwszmWww.
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As ¢ and ¢ are rapidly decreasing, we can apply Fubini’s theorem to obtain

[ova=[ ( [ e dy)mx)dx
=/ (/ e‘iy'xt//(X)dX)so(y)dy=/w@dy-

We then apply this identity with ¢ = f and g = 12; Then

/f§=/90$=/@lf=/f7’_1§-

Then we verify (using the Fourier inversion theorem) that

(F19)(E) = 2m) / ¢¥ég(y) dy = (21) / g (y) dy = (21) 5 ().

The last identity concerning the norm L? is then an obvious corollary. O

Corollary 2.2.11. The Fourier transform F is an isomorphism of S(R?) to itself,
and

F'f = Qo) F(f).

2.3 Tempered distributions

2.3.1 Definition of tempered distributions

Definition 2.3.1. By definition, the space of tempered distributions, denoted S’ (R¢),
is the topological dual of S(R?).

Notation 2.3.2. Let u € S'(R?) and f € S(R?) be the topological dual. We denote

(u, f)s'xs the complex number that we obtain by making u act on f.

A linear application 7: S(R?Y) — C belongs to S’(R?) if and only if there exists
p € Nand C > 0 such that

VFeS®RY), KT, flswsl <CNp(f)=C >’

lo|<p.|Bl<p

)ca(')XBfHLm .
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Let us show as a first example that any function u € L*(R?) allows to define a
tempered distribution. We define a linear form U: S(RY) — C by

(2.3.1) (U,v)srxs = /d u(x)v(x) dx.
R
We verify that U is continuous from S(R?) into C by the following estimate
KU, v)srxsl < llull e 1]z

< [Jull L (/ %) sup |(1 + [x[)™! v(x)
R4

|x|)d+1

)

which implies that

KU, v)s'xs| < Cllull g Nas1(v).
By reasoning in a similar way, we show that the formula (2.3.1) defines a tempered
distribution for all functions u € L?(R?) with p € [1,+oo]. This procedure allows
us to embed the Lebesgue spaces into S’(R?). In fact, we can embed many spaces
and we will see later on the fundamental example of Sobolev spaces.

Definition 2.3.3. We will say that a tempered distribution U € S’(R?) belongs to a
certain space X if there exists u € X such that

Vv e S(RY), (U,v)sxs :/ u(x)v(x) dx.
Rd

2.3.2 Extension of the calculus to tempered distributions

We have seen that we can embed all Lebesgue spaces in S’ (R¢). We can also embed
the Holder spaces and the Sobolev spaces (both will be defined later). We think
of the space of tempered distributions distributions as the largest space in which
we want to work 2. It is then natural to want to extend the definition of important
operators in analysis to S’(R?).

We will see that this can be done very simply.

Definition 2.3.4. Consider a linear application A: S(R?) — S(R?) which is
assumed to be continuous. We will say that A has a continuous adjoint on S(RY) if
there exists a continuous linear application A*: S(R?) — S(R?) such that

Y(u,v) € S(RY)?, (Au,v) = (u, A*v) where (f,g) = / f(x)g(x) dx.

2There are larger spaces, such as the space of distributions, but we will not use those spaces in
these lectures
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Example 2.3.5. i)The Fourier transform satisfies this hypothesis.

ii) Let 1 < j < d. If A = 0y,, then A is indeed continuous from S(RY) into S(RY)
because N,,(Au) < Np.1(u) and we have, integrating by parts, (Au,v) = (u, A*v)
with A* = —0,,.

iii) Let us note C;"(Rd) the space of C™ functions which are bounded together with
all their derivatives. If ¢ € CZ"(Rd), then the operator A. defined by A.(f)(x) =
c(x) f (x) satisfies this property. Then (A.)* = Az

iv) If A and B satisfy this property then A o B also satisfies (A o B)* = B* o A™.
We deduce from the two previous points that any differential operator A, of the form
A(f)(x) = Zja1zm Ca (X)) f(x) with ¢ € C° (RY), satisfies this property.

v) We will see another example later which generalizes the notion of differential
operator (see the section on pseudo-differential operators).

We will show that there exists A: S ’(RY) — 8’(RY) continuous linear which extends
the definition of A. For that we define

Vu € S’ (RY), Vv € S(RY),  (Au,v)gixs = (i, AV)srxs.

Let us show that the operator thus constructed extends the definition of A.

Proposition 2.3.6. Consider the application T : u € S(R?) — 7, € S'(R?) defined
by

70 = @) = [ uoveo dr
Then this application is well defined, linear, continuous and injective and moreover
AT, = Tau, Yu € S(RY).

Remark 2.3.7. The first part of the result means that T is an injection of S(R?)
into S'(R?); the second part means that A coincides with A on S(R9).

Proof. For all u,v € S(R?) we have already seen that
(T VIsrxs| < Nlull g IIlzr < CNo(u) Navi (v),

which shows that 7, belongs to S’(R?) and that u + 7;, is continuous from S(R?)
into S’ (R%). Moreover 7~ is injective because 7, = 7, implies 7, (u1 —uz) =0
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so ||luy —usz|l;2 = 0 hence u; = up. With the previous definitions, for all u, v in
S(Rd), we have

(AT Vsrxs = (Tar AV)srs = (4, AV) = (A, %) = (Tau, V)srxs-
This proves that 27; =Tau- O
In the following we will simply denote A instead of A the operator extended to

S’(R?). Using this construction, we can define the partial derivative Oy, of any
tempered distribution! By definition, we have

Vu e S'(RY), Vv € S(RY), (0,1, v)srxs = —(u, 8, V)s7xs-

We deduce that we can define 0%u for all @ € N and all u € S’(R¢). One can thus
derive to any order any distribution (which is of course of course false for functions).
Note that if u belongs to the Sobolev space H' (R?) then the derivative in the weak
sense of u coincides with the derivative in the sense of tempered distributions.

We will now apply the previous construction with the Fourier transform. Recall that
(cf (2.2.3)), for all ¢,y in S(RY), we have

/ S0 (x) dr = / e () dy.

Let us consider a tempered distribution u € S’(R¢). We can then apply the previous
principle to define its Fourier define its Fourier transform, denoted ¥ (u), by

(F (u), v)sixs = (U, V)srxs-
We denote also u the Fourier transform of a tempered distribution.

Proposition 2.3.8. The Fourier transform F is an isomorphism of S'(R?) in itself
(continuous linear application with continuous inverse). Moreover we have

Ff = Qo) F(f).

We have already noticed that we can embed the Lebesgue spaces in S’(R?). In
particular, we can consider the Fourier transform of a function L” (R?). The most
important case in practice is that of L>(R¢). In this case we have the following
result.
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Proposition 2.3.9. If f belongs to L*(RY), then F (f) belongs to L*(R?) and

1

2 _
1712 = o552

IF (O -

Remark 2.3.10. With the previous conventions, the fact that F(f) belongs to

L%*(RY) means that theure exists a function h € L*(R?) such that {F (f), v)s/xs =
2

./Rd h(x)v(x) dx for all v € S(RY). Then we have ||f||i2 = W”h”p

Definition 2.3.11. A function m belonging to C*(R?) is said to be slowly growing
if there exists a polynomial P such that |m(€)| < P(&) for all ¢ € R¢.

If m is a slowly growing function and if v € S(RY), then mv also belongs to the
class of Schwartz. We check that we can define an operator, noted m(Dy) on S’ (R?)
in the following way:

F(m(Dy)u) = mFu.

These operators are used very often. We will see them again in the chapter on
symbolic computation for pseudo-differential operators.
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Chapter 3

Fourier analysis and Sobolev spaces

3.1 Definitions and first properties

Recall the notation
1
(€)= (1+¢P)2.

Given a real number s € [0, +00), we say that a function u € L?(R?) belongs to the
Sobolev space H*(R?) if

[ e mep d < +e0

R4

Proposition 3.1.1. Let s € [0, +00). Equipped with the scalar product
(v = @ [ (1416Py7€) T8 e

and therefore the norm

lullg = )2 (1 + 1)

2’

the Sobolev space H*(R?) is a Hilbert space.

Proof. The application u — (27)~%/2(1 + |£|?)%/?% is by definition an isometric
bijection of H*(R?) on L?(R?). This last space being a Banach space, it is the same
for H*(R?) with the norm defined above. O
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Proposition 3.1.2. The Schwartz space S(R?) is dense in H*(RY) for all s > 0.

Proof. Let us consider the isometry u — (27)~%/>(1 + |£|?)*/%% from H*(R?) onto
L%(R9). The inverse isometry transforms the dense subspace S(R¢) of L2(R?) into
a dense subspace of H*(R?). Now this application is a bijection of S(R“) onto
itself. We deduce that S(R9) is dense in H*(R?). O

Proposition 3.1.3. For any real number s > d |2,
H*(RY) c C'(RY) N L®(RY),

with continuous injection.

Proof. According to Cauchy-Schwarz inequality, for any f € S(R9),

(3.1.1) 1A s < A1l < 16l 2 11<€) 7l 2
and we deduce the result by density of S(R¢) in H*(R?). O

Theorem 3.1.4. For any real number s > d/2, the product of two elements of
H*(R?) belongs to H*(R?). In addition, there is a constant C such that for any u, v
in H*(RY),

v llgze < C llullge 1]l

Proof. The proof rests on the following inequality: for every &, n in R? we have
V20, (L4l <21 fE =D+ (L4 Py,

which is deduced from the triangular inequality and the bound (a+b)" < 2" (a"+b")
for any triplet (a, b, r) of positive numbers. Let us write then that for every u, v in
S(RY), we have (check the following formula in exercise)

(&) = (2 / 7(& —n)7(n) dn.

Multiplying the two members by (£)* and using the previous inequality, we find
@ (@) < € [ (€= e -l Pl dr

e / @& — )] ()* () dn.
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If s > d/2 then F(H*(RY)) c L'(RY) as we have already seen (cf (3.1.1)). We
then recognize above two products of convolution between a function of L!(R?)
and another of L?(R?), that belong to L?(R?). This implies that (¢)*uv € L*(RY),
hence the desired result uv € H*(RY). O

We have seen that, any real number s > d/2, the product of two elements of H*(R%)
is still in H*(R?). The following proposition shows that we can also define the
product @u for everything ¢ € S(R?) and any u € H*(R?) with s € [0, +oo].

Proposition 3.1.5. Forany s € R, ifu € H*(R?) and ¢ € S(RY) then pu € H*(R?).

Proof. The proof uses an inequality, called Peetre’s inequality that states that for
every £, in RY, we have

VseR, (141" < 2P+ p?) (1 +1& - nlH)M.
Let us assume that s > 0. To obtain this inequality, just use the triangular inequality
L+ 1€ < T+ (Inl + 1€ =nD? < T+2[n° +21¢ = nI* < 2(1+ ") (1 + 1€ =),

then raise both sides to the power s >0. If s < 0, then —s > 0 and the previous
inequality leads to

(I+ )™ <27+ ER) A+ 1€ =)™,

The desired result is obtained by dividing by (1 + |n]?)~*(1 + [£]>) 7.

We then proceed as in the proof of the theorem 3.1.4. Indeed, one can still write
for u € H*(RY) and ¢ € S(RY), pu(¢) as a convolution product. As () is in
Schwartz’s class, the previous inequality allows the product of convolution of a
function to appear. of L' and (57)*|#(n)| which is in L?. O

3.2 Sobolev embeddings

We will now study the injection of Sobolev spaces H*(R?) into Lebesgue spaces
LP(RY).

Theorem 3.2.1. Let d > 1 and s be a real such that 0 < s < d/2. Then the Sobolev
space H*(R?) is continuously embedded into LP (R?) for any p such that

2d

2<p< .
p d—2s
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Remark 3.2.2. The previous theorem states that for any real number s in [0,d /2],
we have

NFI 20 < Csllfllgs -

Ld-2s

In fact, we will show a stronger result (see (3.2.1)) :

1A 20 < ClIfllgs ::( / |§|2“|f(§)|2df)%.

Ld-2s

In particular, for s =1, this gives another proof of the fact that

9=— = |fllea <CIVSllL2.

Proof. We will show that there is a constant C such as, for any f € S(R¢), we have

2d = 2
621 p=gtt = Wl <Clll = ( [ ePIF@f )

This is a stronger result than the one stated. Indeed, if p < 2d/(d — 2s) then there
is s’ € [0, s) such that p = 2d/(d — 2s”) and hence

Ifllze < Clfllgs < Clflls -

(A word of caution: one cannot bound || f|| g by || f]|gzs because we do not have
€17 < Jg[* for €] < 1),

We use the proof of Chemin and Xu which is based on the estimate of level sets.
We will denote by {|f| > A} the set {x eRe | f(x)] > /l} and [{|f]| > 4}| the
Lebesgue measure of this set.

Let us consider a function f € S(RY). We can assume without loss of generality
that || f||zs = 1. We start from the classical identity

T /0 2(f] > Y] da.

To estimate |{|f| > A}|, we will use a decomposition in terms of low and high
frequencies. For any A4 > 0, we will decompose f into the form

f=gi+h
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where, for a certain constant A, to be determined,
S =f© if |El<An  @©=0 if [&>4,
h(&) =0 if [El<A, (&) =f&) if ¢ > A

So, according to the triangular inequality,
{lf1> A} c{lgal > 4/2y U{|ha] > 2/2}.
We will choose the constant A, so that {|g,| > 4/2} = 0. Then we will have
4 2
HIAT> A < {hal > 4/2} < 5 [lhall;2 .

because

/12
IR, > / P dx = 2 {1l > 4/2}1.
(lhal>1/2} 4

Combining the above observations, we conclude

+00
(3.2.2) 1717, < 4p/ AP hall7, dA.
0

Choice of A,. According to the Fourier inversion theorem, we have

1
(2m)4

ix-& =~ _ 1 ix-& 7 '
K gz(f)df‘ '(W /l§ e d

lga(x)| = ‘

As 2s < d, we can use the Cauchy-Schwarz inequality and write that

1 -2s : 25 | 77 |2 :
) = g [ 16 ae) ([ 1eP Fiofae)

If we switch to polar coordinates, we obtain

Ay Sd_l Ad—2s
/ &> dg:/ / pi-t-2 gggr = 5T
1§1<Aq 0 §d-1 d—2s

As || f]lzs = 1 by assumption, we finally get

d_
lgallzo < Ci(s.d)A .
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We then define A, by

i, 2
Cl(S, d)Aj = 5

So |lgall;~ < A/2. Since g, is a continuous function (it is the Fourier transform
of an integrable function), we deduce that {|g,| > 4/2} = 0, which is the desired
result.

End of the proof. By definition of /,, using the identity (3.2.2) and Plancherel’s
formula, we find

P < 4p(2m)? "~ P37 (o) de da.
1712, < 4p(2m) /0 4 el

By definition of A,, if |£| > A, then
A< A€) =2C1 (s, d) |¢]77,

s0, using Fubini’s theorem, it comes

Ag)
p d ’ -3 ~ 12
IF11Z, < 4p(2m) /R (/0 A dﬂ) £ de,

from where
I£1I7, < Ca(s,d) / AP F @I d,
Rd

As%—s:%,wehave

d
A(€) < Ci(s,d) €] .
We finally get
p d(p-2) | ~ 2
17117, < Ca(s.d) | 1E1 7 |7 (@[ dé.
which is the desired result. O

Corollary 3.2.3 (Sobolev embeddings). Letd > 1 and p € (1,d). Define p* by

1

p*

N |-
&!'—‘

Then there exists a constant C such that, for any function f € C° (RY),
W1l ey < C IV fllLo(may -
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Proof. Here we use the following identity

(x—w'Vf@)d_

fx)=-
|51 St b=yl
It follows that
1
|f] < WII(WJCD,

and hence the wanted inequality follows directly from the Hardy-Littlewood-Sobolev
inequality. O

Theorem 3.2.4 (Sobolev embedding). Consider an integer d > 1 and two real
numbers s € (0,1) and p € (0,d/s), then set

«_ _dp
p d-sp

There exists a constant C such that for all f in C g (R?) and all x in R¢ we have

fC) = O

|d+ps

P <cisg [
RS |x—y

It follows that

i - p P
il s c( ff, LT 0y

Proof. The following nice proof is taken from the book by Ponce [22] where it is
credited to Brézis. A similar proof is given by Brué and Nguyen in [7] (see also [8]).

We denote by C several constants that do not have to be depend on d, p or s and
whose values can change from one line to another.

Step 1. We first check that the integral
[ pw-sor,
y
R4

|X7__y|d+ps

is well defined for all f in S(R?) and all x in R?. To do so, we cut the integral on
R< in two parts: the integral on B(x, 1) and that on R? \ B(x,1). On B(x, 1), we
use the estimate

f() = fWI <Klx—yl with K= sup [Vf(m)],

meRd
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while on R \ B(x, 1) one writes |f(x) — f(y)| < 2sup|f].

Step 2. Let us fix x € R? and a real t > 0. We denote by C; the annulus
Ci=B(0,2) - B(0,1) = {y e R'; 1 < |y| < 21},
and we denote by |C;| its Lebesgue measure.

Then
FIP = ﬁ /C FIP dh < ﬁfc (I G+ 1) = F(M)] + 17 Ge + W] )P .

Since
la +b|P < (2max{lal, [b|})? < 27 (|al” + |b]"),

we deduce that
2P

FEP < % /C 1FCe ) = F dh /C EIED

Step 3. Holder’s inequality implies that

1
|Ci]

/C S+ dh < C A, —

LP* td-sp '
Consequently, we see that there exists C such that

WP 5 = G+ s [ UG = £ an

5P

Step 4. Note that |G| ~ t¢. Moreover, on C; we have ¢ ~ |h|. It follows that

fxth) = fOF

|d+ps

1 1
P—<C|fII”.=+C
PO 55 < CIAIL, g+ [ =

Multiplying the two members of the inequality in the previous question by #°7, we
find

+ h) — P
et - f@P

d+ps

lfF@P <Clfl?,. t*P~4 4 CrP
L RS x—y]

We then choose ¢ such that

feth) = fOF

p sp—d _ ,sp
W 1 =t
”f”Lp R4 |x —y|d+ps

and the desired inequality is inferred. O
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Chapter 4

Littlewood-Paley decomposition

In this chapter we introduce a dyadic decomposition of the unity. This decomposition
allows to introduce a parameter (large or small) in a problem which does not have any.
It is a simple and extremely fruitful idea. For an introduction to this topic, we refer
the reader to Bahouri [3] or Danchin [11]. There are many books which develop a
systematic study of this tool, see Coifman and Meyer [10, 21], Métivier [19], Alinhac
and Gérard [2], Bahouri, Danchin and Chemin [4], Tao [24] or Taylor [27, 28].

4.1 Dyadic decomposition

Lemma 4.1.1. Let d > 1. There exist € C(‘;"(Rd) and ¢ € C(‘)"’(Rd) such that the
Jollowing properties hold:

(i) (Support conditions) We have 0 < < 1,0 < ¢ < 1 and

3
suppy C {|§] < 1}, supp ¢ C {Z < €] < 2}.

(ii) (Decomposition of the unity) For any & € RY,

(4.1.1) L=y + ) p(277¢).
p=0
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(iii) (Almost orthogonality) For any & € RY,

4.12) <PrE)+ ) $2TE <1
p=0

W | =

Proof. Lety € C(‘;"(Rd;R) be aradial function verifying ¢ (¢) = 1 for |¢] < 3/4, and
(&) =0for |é] > 1, and decreasing (if |£| > |n| then ¥ (&) < ¥/(n)). Then, we set
e(&) =y (£/2) -y (€) and notice that ¢ is supported in the annulus {3/4 < |£] < 2}.
For any integer N and any & € RY, we have

N
w(@)+ ) p2rE) =y g),
p=0
which immediately implies (10.1.1) by letting N goes to +oo.
It remains to prove (4.1.2). For any integer N we have
2

N N
PO+ Y P CT < (W) + ) 0 (276)
p=0 p=0

On the other hand, notice that, for all £ € R9, there are never more than three
non-zero terms in the set {Y (£), ¢(&),...,9(27P¢),...}. Consequently, using the
elementary inequality (a + b + ¢)* < 3(a® + b? + ¢?), we get

N ) N
(v@+ > e@7e)) <3(p2@) + ), P*78).
p=0 p=0
Then we obtain (4.1.2) by letting N goes to +co in the previous inequalities. O

Let us define, for p > —1, the Fourier multipliers A, as follows:

Ay :=y(Dy) and A,:=¢(27"D,) (p=0).

Let us also introduce, for p > 0, the Fourier multipliers §,:

p—1
Sp=w(27Dy) = Y A

k=1

The partition of the unity also implies a partition of the identity.
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Proposition 4.1.2. We have

1= A,

p>-1

in the sense of distributions: For any u € S’(RY), the series 2. u, converges
to u in 8" (RY), which means that 2p{Apl, p)sixs converges to (u, p)sixs for any
¢ € S(RY).

Proof. Letu € S'(R?) and 6 € S(R?). The partial sums Syu = 22’2—5 Apu are well
defined and

(F (Snu),0) = (W2 ™VEF (1), 0) = (F (), y (27V£)6).
Now Nlir? Y (27N¢)0 = 6 in S(RY), so

F (Snu) fand F(u) inS'(RY).

By continuity of F~! : 8'(RY) — S’'(RY) we have u = 3,5 1 Apu. O

4.2 Characterization of Sobolev spaces

Proposition 4.2.1. (i) Forallu € L*>(RY),

4.2.1) D llapula <l <3 Apu]fy. -

p=>-1 p=-1

(ii) Consider s € R. A tempered distribution u € S’(R?) belongs to the Sobolev
space H*(R?) if and only if

(a) A_yu € L*(R?) and for all p > 0, A,u € L*(R?);
(b) the sequence 6, = 2P° ||Apu||L2 belongs to >(N U {-1}).

Moreover, there exists a constant C such that

1 O )2
(422) Sl < (3 63)" < Clulys
p=—1
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Proof. The first point follows immediately from (4.1.2) and Plancherel’s identity.

Since ||ullgys = [|{Dx)’ul| 2, by applying (4.2.1) with u replaced by (D,)’u, we
obtain

D l8p D ulza < Ml <3 Y [[Ap(D ull7.

p=>—1 p=>-1

Consider p > 0 and write that

8,0l = 2m? [ (i@ relae] a.
Since (1 + |£]?)¢?(27P&) ~ 2275 on the support of ¢?(27P¢), we see that
423 Looos 1, ul? sull7, < €225 ||Aul;
@ Ll < a0l < o s,

for some constant C depending only on s. We have a similar estimate for A_ju and
the wanted result easily follows. m|

Proposition 4.2.2. i) Consider s € R and R > 1. Assume that (u;);>_1 is a
sequence of functions in L*>(R?) such that

— - 1 _. .
suppu_; C {|£] < R}, suppuj C {EZJ < €] < RZJ},

and, in addition,

(4.2.4) 2% fuy 2 < oo
j>—1

Then the series Y, u; converges to a function u € H* (R?) and moreover,

lullze <€ > 2% uylz
j=-1

for some constant C depending only on s and R.

it) If s > O, then the previous result holds under the weaker assumption that supp it
is included in the ball B(0, R27).

Proof. i) We begin by proving that the series }} u; is normally convergent in H" (RY)
for any r < s. Assuming that supp u; is included in a ball {|§ | < R2J }, parallel
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to (4.2.3), we see that ||u_,~||H,. < 20T ||u_,~||L2. So, the Cauchy-Schwarz inequality
implies that

=

PO AN

jz-1 j=-1 j=-1

1
< (D2 ) < e

This shows that the series ) u; is normally convergent and hence convergent in
H'(R?). Now we can set u = 2 j>—1uj. Our goal is then to prove that u belongs to
H*(RY).

i) Ift supp u; is included in an annulus {%21' < |¢| < R27}, then there exists some
integer N depending only on R such that A,u; = 0if |j — p| > N. Therefore

lapulle < 35 MApuille < 3 uslle

lj-pI<N lj-pI<N

whence the result.

ii) If one only assumes that supp i; is included in a ball {|£]| < R27}, then we just
have, for some integer N,
Apu = Z Apl/tj.
j=p—-N

It follows from the triangle inequality that

2 apulle < DG 2772 gl e
j=p—-N

Now, since s > 0, the sequence (2(P~/)%) j>p-nN belongs to £ I"and the convolution
inequality £! % £? < £? gives the result. O

4.3 Characterization of Holder spaces

In this paragraph we are going to show that we can describe Holder spaces using the
Fourier transform.

Definition 4.3.1. Let r € (0,1). The Holder space C% (RY) consists of those
bounded functions u: R? — C satisfying

3C>0/Vx,y eRY, |u(x)—u(y)| < Clx—-y|".
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it) Let k € N and a € (0,1]. Let C**(R?) be the space of functions C* (RY) whose
derivatives up to order k belong to C%*(RY).

iii) Letr € R*\Nsothatr = k+a withk € N and a € (0, 1] then we simply denote
by C"(R?) the space C**(R?).

For r € (0, 1[, the space C"(R?) is provided with a Banach space structure by the
norm

lu(x) —u(y)]
luller = llull oo +sUp ————.
¢ L X#£y |x_)’|r

We give below an equivalent norm.

Proposition 4.3.2. Let rbein|0, 1[. There exists a constant A, > 0 such that the
following two properties hold:

i) Ifu € C"(RY) then, for any p > -1,
Apul|, o < Ar lluller 2777
ii) Conversely, if, for any p > —1,
”Ap””Lw <2,
then u € C"(R?) and ||ul|o < A,C.

Proof. i) Consider p > 0. To prove the first point, we start by writing u,, in integral
form,

(431 0,0 =2 [ F D@ G-y ut)dy for p >0,

The rest of the proof, as well as a precise calculation of the constants, just uses the
fact that the moments of 7~ !(¢) are all zero. Thus with the moment of order 0 we
get

up(x) = 2’”’/ F (@) (2" (x = ) (u(y) —u(x))dy for p >0,
hence

lp ()] < 27 lul v / 7 () (27 (x = y)| 1y =21 dy

=2 ull / 7 (¢)(2)] dz.
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The case p = —1 is treated in a similar way. We write
w1 = [T yu) d.
then we use that 7! () € S(R?) and thus ! () belongs to L' (R?). We deduce

that the L*-norm of u,, is controlled by the L*™-norm of u.

Let us show the converse. We verify that u € L™ because A,u € L™ and X A,u
converge normally if ||Apu|| 1 < C27P7 It remains to estimate

|u(x) —u(y)|
sup —.
x#y, |x—y|<1 |X - yl

(Note that we can obviously restrict ourselves to [x — y| < 1.)

To do this, we pose, for an integer p to be determined,

p-1 +00
u==Spu+Ryu, S,u= Z ug and R,u = Zuq.
g=-1 q=p
By hypothesis it comes
_ c _
IRl < 3 gl = 3 €270 = £ oo
q=p q=p

from which we obviously deduce that |R pu(y) — R pu(x)| < 1_22qr 27P". On the other
hand

p-1
|Sp”(x) - Sp”(y)| < lx =l Z ||V“q||L°° .
g=—1

From the formula recalled at the beginning of the proof we get
9] = €2 [ < C7C207
With for g = -1, ||Vu_{||;~ < C"”C. Since r < 1, we have 1 —r > 0 and thus

p_l 1

qu—qr < mzp(l—r).
q=0 B
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Let’s put the two estimates together: there are two constants K| and K, which depend
only on r such that

lu(y) —u(x)| < K1C |x — y|2P7P" + Kp27F".

Let’s choose p such that 271 < 27 |x — y| < 1 (which is possible because we assume
|x —y| < 1). Then
u(y) —u(x)| < K3C |x = y|",

which completes the proof. O

4.3.1 Zygmund spaces

We have shown that if r € (0, 1[,

ueC' RY & sup2” ||upl|,o < +oo.
P

In fact, we have more generally
reR'\N, ueC (RY) & sup2” ||up|,. < +oo.
P
Definition 4.3.3. Let r be a real number, we denote by Cr(RY) the subspace of
tempered distributions defined by

ueCl(RY) & sup 27" |up||,« < +o0.
p>-1

Remark 4.3.4. We define these spaces for all r € R and not only r > 0. This is
convenient because spaces formed by derivatives of functions of C. naturally occur.

Thus the previous result gives directly

re R"\N = C/(RY) = C"(RY).

Moreover, for k € N, we easily show that
Vk e N, C*R?Y) c whe(R?) c CHRY).
However, we can show that

reN= C'(RY) # C"(RY).

Let’s give an elementary characterization of C!(R?).
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Proposition 4.3.5. The space C}(R?) is the space of bounded functions u such that

3C >0/ Vx,y €eRY, Ju(x+y)+ulx—y) —2u(x)| < Clyl|.

Proof. Suppose that the function u belongs to C!(R¢). Then consider a non-zero
point y € B(0, 1). Using the dyadic decomposition of the frequency space and and
the Taylor inequality of order 2 between y and 0, we get

e+ y) +u(x = y) = 2u(x) < Clluller {1y Y] 27 +4 ) 277,
q<N q>N

where N is any integer. Choosing N such that 29 = |y|~!, we obtain
lu(x +y) +u(x —y) —2u(x)| < Cllulle: |yl
Conversely, let us choose a function u such that, for all y in xR", we have
lu(x +y) +ulx —y) = 2u(x)| < Cly|.

It is now a matter of estimating ||Aqu|| ;- The fact that the function ¢ is radial,
therefore even, entails that

g (x) = 27 F 1 p(29.) w u(x) = 2 / F o2y )u(x — y) dy
=29" / FLo(29y)u(x +y) dy.

Let us introduce h(z) = ¥ '¢(z). Since ¢ is zero near the origin we deduce that &
has zero integral, so

2‘1"?"190(2‘1-) «u(x) = 2qn=1 / ¢‘1¢(2‘1y)(u(x +y) +u(x —y) —2u(x))dy.

Since the function z — |z| A(z) is integrable, we have

|u(x +y) +u(x —y) - 2u(x)|

b

—q
||”q||L°° <C2 yseué Iyl

which concludes the proof. O
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Part 11

Pseudo-differential calculus
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Chapter 5

Definition of Pseudo-differential
operators

Consider a differential operator

P= Z pa(x)a)?

la|<m

where the coefficients p, belong to the space C,° (R%;C) of those C* functions
which are bounded as well as all their derivatives. The function

PiRIXRI S C, p(ré) = ) palx)(ig)”

la|<m
is called the symbol of P. With this definition, we have
P ¢ = p(x, f)eix'g.

Consider now a function u in the Schwartz space S(R¢). It follows from the Fourier
inversion formula that

u(x) =

/ e Eia(£) dg,
and hence we see that one can write Pu under the form

/ ¢ p(x, E)(E) dé.

(2m)4

Pu(x) = 20

A pseudo-differential operator is an operator of the previous form, but where the
function p(x, &) is not necessarily a polynomial function. In this chapter we propose
to study the definition of these operators.
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5.1 Continuity on the Schwartz class

Consider a function a € C;"(Rd X Rd). By definition, this means that, for all
multi-indices & and 8 in N, we have

sup
(x,&)eRIXRE

afafa(x,g)) < +oo.

Given any function u € S(R?) in the Schwartz class and a fixed x € R?, the function
& a(x, &)u(é) belongs to S (Rg ). In particular, it is integrable and we may define
the function Op(a)u by »

1
(2m)4

Op(@(x) = 5 [ e atroyite) de.

We say that Op(a) is a pseudo-differential operator and we call a its symbol.

Proposition 5.1.1. For any a € C;° (R? x RY) and any u € S(R?), the function
Op(a)u is well-defined and belongs to S(R?). Moreover Op(a) is continuous from
S(RY) into S(RY).

Proof. Since i € S(R?), we can apply Lebesgue’s differentiation theorem to check
easily that Op(a)u € C*(R?). So it will suffice to prove estimates.

Using ||a||;~ < +co and ||<§>d+1i7||Lw < 400, we get the inequality

1
(2m)4

[Op(a)u(x)| < / lall - [[¢&) @] . )" dé,

which implies that Op(a)u is bounded together with the estimate

10p(@)ullp~ < C llall o N1 (i)

where we used the notation N, (¢) = Xja1<p.181<p ’x“&f ©® ‘ to denote the canon-
<p.lBl< Lo

ical semi-norms on the Schwartz space; let us recall that the Fourier transform is
continuous from S(R?) into S(R?) and that, for any integer p € N,

Np(ﬁ) < Cp Np+d+1(”)~

To estimate the other semi-norms in S(R?) of Op(a)u, we use the following formulas
(to be checked as an exercise)

s, Op(a)u = Op(a) (3,u) + Op(dy,a)u,
x; Op(a)u = Op(a)(x;u) +iO0p(dg;a)u.
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Thus, x“&f Op(a)u can written as a linear combination of terms of the form

Op(@?@?a} (x“_‘saf_yu).

Since ) 8? a belongs to C;°(R? x RY) and since x¥99P7y belongs to S(R?), we
are back to the previous case. This shows that one can estimate the L® norm of
x"@f Op(a)u in terms of the semi-norms of a in C}’ (R?9) and the ones of u in
S(R?). This implies that Op(a)u belongs to S(R?) and the previous estimates
imply that Op(a) is continuous from S(R9) to itself. m]

5.2 The Calderon-Vaillancourt theorem

We can now state the main result, which asserts that one can extend Op(a) as a
bounded operator from L?(R?) into itself.

Theorem 5.2.1. For any symbol a € C}? (R?4), the operator Op(a) can be uniquely
extended as a bounded linear operator in L(L*(R?)).

We will demonstrate this result by assuming, to simplify the notations, that the space
dimension d is less than or equal to 3 (otherwise just replace the polynomial P(()
below by (1 + |£|*)* where k is an integer such that 4k > d).

Let us introduce the polynomial
P(Q)=1+|¢P  ({eR’ d=12.3).

Lemma 5.2.2. Given a function u € S(R?), we introduce the function
Wued) = [ G-y udy (8 e R,
Rd
i) Then Wu is a function C,’ (R%4) and moreover for any multi-indices a, 8, y,

sup P(x)IE[” (009 Wu) (x,£)| < +ev.
RZd

ii) There is a constant A such that
(5.2.1) IWull 2 geay = Allullz2ray
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for any u in S(RY).
iii) For any y € N¢, there exists a positive constant A, such that

||6)2/WM||L2(R211) <A, ||u||L2(Rd) .
Proof. i) We verity that
£ 0w (e 8) = [ M0 () iy 0t (P = ) () b,

so, by integrating by parts

(7 Wu) (x,€)

= ) o [ GO ) i) )@ 1) = e .

S5, Y'Y

We next use the elementary estimates

02()7 < Col) 1 < Cot)
to deduce that

09(1/P)(x = )| < Co(1+1x = y1) 7" < 2C,(1+1x)7 (1 + [y,
where the last inequality comes from the fact that

L+ xPP=1+x—y+y? <1+2x—y2+2ly)* <2(1+ [x = y|)) (1 + [y]?).

it) For any x € RY, Wu(x, -) is the Fourier transform of y — u(y)P(x — y)~'. So

/ W (x, &) dé = (27)° / (PG - ) dy

according to Plancherel’s theorem. So

_12
J[weordeac=cn? [[ lupe -7 dvdy = 22l e
where A is defined by
A% = (27r)d/ P(2)7%dz.
Rd
Notice that this integral is converging by definition of P, since we assume that d < 3.

The statement iii) is proved by combining the above observations. O
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Lemma 5.2.3. Consider u,v in S(R?). For all x € R and all e RY, there holds
H(&) = (I = Ag) (e Wu(x, £))

and
1

vix) = (2m)4

eTE(] - Ax)(e’*'fwﬁ(g, x)).

Proof. Write (I — A¢)e'™ ¢ = P(X) to obtain

e Ea(E) = / & Eu(y) dy = (I - Ay) / WP (x - y) T uly) dy.

In a dual way, using the inverse Fourier transform, we have

) = o [T an
1 [(£=1)- =
= Gl =80 [ PP =y o an
which implies the second identity. O

Proof of Theorem 5.2.1. Given the density of S(R?) in L?>(R¢), it is enough to
demonstrate the inequality

10p(a)ull> < Cllull,2
for any u in S(RY). Let us consider two functions u, v in S(R¢) and let us set

I:= // e Ea(x, £)u(€)v(x) dé dx.

We want to show that |I| < C ||ul|;2 ||v||;2. For this we will rewrite / as a scalar
product in L?(R??) of functions involving Wu and Wv.

Let us start by writing / in the form

I= // a(x, &) [(1 = Ag) (™ Wu(x, €)]v(x) d¢ dx.

Since (I — Ag) (e™*Wu(x, £)v(x)) belongs to S(R??), we can integrate by parts in
¢ and deduce that

I= // [(1 — Adalx, g)]Wu(x, £)e 5 (x) de dr.
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Using the identity for v it comes

1= [[ 0= a0ato) [ wute. o)1 - a0 Wie0) ax

and integrating by parts in x,

I= // (I-A)) [((1 — Ada(x, €))Wulx, g)]e’*’fwi‘(g,x) de dx

SO

=Y Gy [[@rofatnenatwuts oWT e 0o v

1B1<2.|al+]y|<2
We conclude the proof with the Cauchy-Schwarz inequality and the previous results:
”‘%ZW””Lz(RZd) < Ay llullz2zay »
W&, 020, = AL = AR Il

where the Plancherel formula was used in the last inequality. O

54



Chapter 6

Symbolic calculus

6.1 General symbol classes

Notation 6.1.1. Let Q be an open set of a space R with d > 1. We denote Cr(Q)
the set of C™ functions on Q which are bounded as well as all their derivatives.

Definition 6.1.2. For m € R and 0 < 6 < p < 1, the symbol class SZ 6(Rd) is

the space of functions a € C®(R?>?;C) such that, for all multi-indices @ € N and
B € N9 there exists a constant Cqp such that

a;fafa(x,g)‘ < Cop(1 + [y olelpAl,

We say that a is a symbol of order m and type (p, 9).
Remark 6.1.3. Notice that C;°(R*;C) = S | (RY).

For any real numbers m € Rand 0 < 6 < p < 1, and for any symbol a € S}’(’)”(S(Rd),
by using similar arguments to those used to prove Proposition 5.1.1, one can prove
that Op(a) is a continuous operator from S(R?) to S(RY).

Let us state a generalization of Theorem 5.2.1 to the case of general symbol.
Theorem 6.1.4 (Calderén-Vaillancourt). Let a € Sg 5(Rd) with0 <6 < p < 1and

8 < 1. Then Op(a) can be extended as a bounded operator from L*(R?) to itself.
Moreover,

IOp(@)ll g2y < C sup  sup  sup |(1+|EDPYIg a(x, £)|,

lo|<[4]+1 |BI<[£]+] (x.£)eR
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for some absolute constant C depending only on d, p, 6.

Proof. We will not use this result and refer to [9] for the proof. The precise bound in
terms of a the semi-norms of p is proved for instance by Coifman and Meyer [10]. O

Remark 6.1.5 (continuity on L?). We have studied the boundedness of pseudo-
differential operators on L*(R?). Let us briefly discuss the boundedness on other
functions spaces.

(i) Firstly, a pseudo-differential operator of order 0 and type (p, 6) is not bounded
in general on Lebesgue spaces L (RY) with p # 2. Nevertheless, Fefferman proved
in [13] that, for any O < 6 < p < 1 with 6 < 1, and any symbol a € SZ“’(S(R‘J), the

operator Op(a) belong to L(LP(R?)) provided that
1 1
m < —d(1 _p)‘___’.
2 p
We also refer to David and Journé (see [12]) for the boundedness of pseudo-
differential operators on LP (R?) when p =1 = 6.

(it) We will study later on the case when a € S(l) 1(R"l). See also Exercise 11.0.3.

(iii) One can also consider the case where § > p, see Hormander [15].
It is proved in Exercise 11.0.3 that the statement of Theorem 6.1.4 does not hold for
(p,0) = (1,1). This means that an operator of 0 and type (1, 1) is not bounded in

general from L?2(R9) to L?>(R?). However, the following result, due to Stein, states
that such an operator is bounded from H*(R¢) to H*(R?) for any s > 0.

Theorem 6.1.6 (Stein). Assume that a € S(l) 1(Rd). Then the operator Op(a) is
bounded from H*(R?) to H*(RY) for all s > 0 and from the Hélder spaces C%* (R?)
to itself for any a € (0, 1).

Proof. We will not use this result and refer to [19] for the proof. O

6.2 Classical symbols

Notation 6.2.1. Let us fix some notations which will be used continuously in the
sequence. In this course, we will be mainly interested in a particular subclass: the
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S’l’fo class. We will simply note
S™(RY) = 87 (RY).
Notice that

Cp(R*) = 55 o (RY).

We will use the bracket notation:

& = (1+1¢P).

We also introduce

§ = ﬂ S™ and S* = U s™.

meR meR

Definition 6.2.2 (Elliptic symbols). Let m € R. A symbol a € S™(R?) is elliptic if
there exist two strictly positive constants R and C such that,

V(x,&) e R¥, |¢] > R = |a(x,&)] = C{E)™.

The elementary rules of differential calculus imply the following proposition.

Proposition 6.2.3. Ifa € ™, b € S", a, 8 € N then

0dfaes" P, abesmm
Of course we have S°(RY) c cy (R29).

Examples
1) If p is a function of x only and p € CZ"(R“’) then p € SO(RY).
2) If p = p(x, &) belongs to CS"(RZd) (compact support in x and &) then p € S™.

3) Suppose that p(x, &) is a polynomial in & of order m € N whose coeflicients are
functions in Cg"(Rd ), that is

P = ) pa(E” (pa € CF(RY).

|a|<m
Then p € S"™(RY).
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4) For all m € R, the symbol (£)” belongs to S™(RY). Indeed, the function
RxR? 5 (1,8 — (2 +]&H)™? is positively homogeneous of order m on
R4*! and therefore 8? (72 +£]%)™/%) is homogeneous of order m — ||, bounded

by Co(7% + |€ |2)(m=laD/2 " Ag the derivation in ¢ and the restriction to 7 = 1
commute, we deduce the result.

5) The symbol |£] is not in S'(R?) because it is not regular in 0.

6) Leta = a(¢) € C*(R?\ {0}) be a homogeneous function of degree m, satisfying
a(Aé) = A"a(é) VYA > 0.

For all function y € CZ"(R?) which vanishes in the neighborhood of 0, we have
x(©a(€) € S"(RY).

7) Leta = a(x, £) be an elliptic symbol of order m. Then there exists y € C;° (RY)
such that
1-x()

-mmd
2. f) e ST"(RY).

8) Let f = f(x) in C;’(R). The symbol p(x,£) = f(x) sin(€) belongs to Cg"(Rz)
but not to S°(R) because the derivative in & of order o does not decrease as

(1+1£)™.

6.3 Introduction to symbolic calculus

Consider two pseudo-differential operators A = Op(a) and B = Op(b) of symbols
a,b € S"(RY). Then AA + uB is a pseudo-differential operator of symbol da + ub €
S™(R?). The questions that will interest us in this chapter concern the operators
A o B and A*. We will see that these are also pseudo-differential operators and that
we can compute their symbols. The symbolic calculation is precisely the process
which allows us to manipulate operators by working at the level of the symbols.

We will see three very distinct situations in which one can easily study the compo-
sition and the transition to the adjoint for pseudo-differential operators.

These situations correspond to the following cases:

A. the Fourier multipliers (of symbols not depending on x);
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B. the differential operators (the symbol is a polynomial in &);

C. the operators of microlocalization (of symbols with compact support in R??),

A. Fourier multipliers

Let A = Op(a) with a = a(¢) independent of x. Then A is a special case of Fourier
multiplier. Recall that a Fourier multiplier is a linear operator operator which acts
on L?>(R?) or 8’(R?) by multiplying the Fourier transform of a function (or of a
tempered distribution) by a given function, called the symbol. Given a function
m = m(&) with complex values, the Fourier multiplier of symbol m is the operator,
denoted m(D,), defined by

m(D)f (&) = m(&)f (&)
If m € L*(R?) then m(D,) is well defined on L*(R%) and m(D,) € L(L?). If
m(Dy) € C*(RY) is slowly increasing (there exists N such that for all @ we have
|6§m(§)| < Co(€)N) then m(Dy) is continuous from S’(R?) into S’(R?). We check
that

m1(Dx)mz(Dx) = m(Dy)  with m(§) = mi(§)ma(8),
m(Dy)* =m*(Dy)  withm*(£) = m(&).
Examples of Fourier multipliers:

* 0y, is the Fourier multiplier of symbol i£;.
* The laplacian A is the Fourier multiplier of symbol — |£]*.

e The Hilbert transform is the Fourier multiplier of symbol —i&/|€] (€ € R).

* The square root of —A is the Fourier multiplier of symbol |£| = (/&2 + - - - + &7

* Let s € R. The operator which realizes the canonical isomorphism of H® on
L? is the Fourier multiplier of symbol (¢)* where (£) = (1 + |¢ 1%)1/2,

* Consider the equation
Ou+i{DY’u=0, uArowvert,—o = uy.

This equation can be solved by the Hille-Yosida theorem or by the Fourier
transform. The operator which sends the initial data u#( on the solution at time
t is the Fourier multiplier of symbol exp(—iz(£)*).
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B. Differential operators

Consider two differential operators

A= Z ae(x)8%, B = Z bo(x)0®

la|<m |a|<m’
where the coefficients a,, b, belong to C;° (R9). Let us introduce their symbols
a(x,€)= ) ag(0)€)", b(x,&)= > ba(x)(i),
la|<m |a|<m’

so that A = Op(a) and B = Op(b). Let e¢ be the exponential function x e e,
Then

(Aeg)(x) = a(x,&)eg(x), (Beg)(x) = b(x,&)es(x).
Moreover, for all regular functions b(x, £),

Alber)(x) = ) aq(x)0¢ (e™¥b(x, £))

[

= D aa(0) (£ +0)b(x,£)) ™

= ¢*ig (x,f + %5x)b(x,§)

. 1
— oiXé Z W(afa(x,f))(afb(xaf))
BeNd

where we used the formula of Taylor for a polynomial. We deduce the following
result.

Proposition 6.3.1. If A and B are differential operators, then A o B is a differential
operator of symbol

a#b(x, &) = Z

aeNd

1
m(aga(x,é‘)) (07 b(x,€)).

Note that the sum is finite since Gga =0if|a| > m.

Proof. The operator A o B is of course a differential operator and we have seen that
(Ao B)eg = (a#tb)e;. O

Exercise 6.3.2. Let A be a differential operator. Show that A* is a differential
operator of symbol

1
a"(x8) = ), 0 07a(x. 6).
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C. Microlocalization operators

The localization operators, of the form u +— ¢u where ¢ € C° (RY), are essential in
Analysis. In the same way as the frequency localization operators, which are Fourier
multipliers u — ¢(D,)u with ¢ € C;° (R?). The pseudo-differential operators allow
a sort of simultaneous localization in x and in &, by considering an operator Op(a)
witha € Cy° (R2?) (a word of warning: we recall from Proposition 2.2.1 that it is
not possible to localize exactly in both x and &). If a € C° (R?9) we say that Op(a)
is a microlocalization operator.

We will see that the adjoint of a microlocalization operator is a pseudo-differential
operator whose symbol does not necessarily belong to C° (R?9) but belongs to all
spaces S™(R?) for m < 0.

Proposition 6.3.3. Let a = a(x, &) be a symbol belonging to C;° (R*%). Then

a*(x,&) = (2m)™ / e Ma(x —y, & —n)dydy
defines a symbol a* belonging to S~ and

(Op(a)u,v) = (u,0p(a*)v)
forall u,v in S(RY).

Remark 6.3.4. One objective of this chapter will be to prove a result which extends
the previous proposition to the case of a general symbol a € S*. We start by
looking at the case where a has compact support (hence belongs to S™) because
the analysis is then much easier. The reader will note in particular that the integrals
which appear in the proof below are meaningless if a is a general symbol.

Proof. Letu € S(R?). Since a is compactly supported we can use Fubini’s theorem
to write

Op(a)u(x) = (27)™ / ¢*Ea(x, £)A(E) dé
= (27r)_d/ eix"fa(x,f) (/ e_iy"fu(y) dy) dé¢
- 2 / / ¢ (x, Eyuly) dy dé

= (27r)_d/(/ ei(x_y)'ga(x,.f) d§) u(y)dy.
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Therefore
Op(@ux) = [ K y)u(r)ay
where K = K(x, y) (called kernel of Op(a)) is given by
K(ry) = 20! [ & ¢ageg) de

= (27)"(F¢a) (x,y — ),

where Fea(x, () = f e~ Ca(x, &) d¢ is the Fourier transform of a with respect to
the second variable. We deduce that K € S(R?¢).

Now, if v is also in S then

(Op(a)u,v) = / ( / K(x,y>u<y>dy)mdx

-/ u(y)( / mvmdx) dy,

so (Op(a)u,v) = (u, (Op(a))*v) with

(Op(a))"v(x) = / KOov(y) dy.

Note that Op(a)* is an operator with kernel

K*(x,y)=K(y,x) = (27r)_d/ e (y, 0) do.

We want to write K*(x, y) in the form K*(x, y) = (27r)‘d(ﬁca*)(x, y —x). Then
a*(x,&) = (2n)™ / e (Fea®) (x, z) dz
= / K*(x,x +z)e'“¢ dz
= / K*(x,x — y)e ¢ dy
- (27) / ( / eI Zy ) dB) eV dy
= 2n)¢ // eV 0Dg(x - y,0)dy do

= (2n)¢ // e Vg (x —y, & —n)dydn.
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Then, the calculations already made at the beginning of the proof lead to the fact
that Op(a)* is the pseudo-differential operator of symbol a*. O

6.4 Oscillating Integrals

In this section we propose to study to study the oscillatory integrals. These integrals,
which play a crucial role in micro-local analysis, are of the form

‘/ei‘ﬁ(x)a(x)dx (xRN, N>1).
We say that ¢ is a phase and that a is an amplitude. We will always assume that a

is a function C*® of R in C and that ¢ has real values.

These integrals play a crucial role in micro-local analysis. In particular, they appear
naturally to define symbols. For instance, let us notice that for (xg,&p) fixed in
R? x RY,

a* (x0, £0) = (27 / e (x0 v, &0 — 1) dy dn

is written in the form

a* (0, £0) = / €909 A(x) dx

where N = 2d, x = (y,n) and ¢(x) = -y - n.

If a is the symbol of a differential operator operator, polynomial in x, the integral
is obviously obviously divergent in the classical sense. To give a meaning to the
integral / ¢"*™qa(x) dx and to show results of calculations on these integrals, the
idea is that, under a hypothesis of strong oscillation of the term ¢'¢™), we can
compensate for the growth of a.

A. Principle of non-stationary phase

The analysis of oscillatory integrals is based on the so-called principle of non-
stationary phase, which expresses the decay of an oscillatory integral as a function
of a large parameter.
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Lemma 6.4.1 (Non-stationary phase lemma). Let N > 1, ¢ € CZO(RN ) a function
with real values and f € Cg® (RN). Let V be a neighbourhood of the support of f.
It is assumed that

ir‘}f [Vo(x)| > 0.

Then, for all integers k and for all A > 1,

/ W) £ () dx

< A7k sup ||aff||Ll(Rd) )

la|<k

where Cy, is a constant independent of A and f.

Proof. Let us introduce the differential operator

Vg -V Jdo 0
2 > Where VgV = % 2.
|V90| 1<j<N an axj

which is well defined because the differential of the phase does not vanish above V.
Moreover, L satisfies, for all 1 € R,

L(ei/ltp) — /lei/lt,D,

and therefore LK (e ¢™¥)) = 2k¢i%()  Then, by doing successive integrations by
parts, we deduce that

/lk / ei/hp(x)f(x) dx = / ei/hp(x) (IL)kf(x) dx,

0 1 (")
o L)
I;N axj |V()0|2 an

where

Let us note that (‘L)* is a differential operator of order k whose coefficients are C*®
(and depend on ¢). We thus obtain the desired result by bounding the last integral
by ||(’ LY f || ;1- We also obtain that the constant Cy depends only on k, inf |Vl|?
and sup)y i1 10l - a

B. Definition of an oscillatory integral

Definition 6.4.2. Let m be a real number. The space A™ of amplitudes of order m
consists of those functions a € C®(RN;C) such that

Vo € NV, sup |(1 + |x|)_m0§‘a(x)| < +00.
x€RN
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We introduce the norms

[l g := max sup |(1+|x[)™"d7a(x)|.
@<k ycRN

We will assume that ¢ is a non-degenerate quadratic form, of the form
$(x) = (Ax)-x  (xeRY)

where A € My(R) is an invertible symmetric matrix. Then V¢ (x) = 2Ax and we
can apply the principle of non-stationary phase.

Theorem 6.4.3. Let m > 0, ¢ be a non-degenerate quadratic form on RN, a € A™
and ¢ € S(RN) such that ¢ (0) = 1. Then the integral

I(g) = / €D g (x)y (ex) dx,
which is well-defined for € > 0, converges when & tends towards 0 towards a limit

independent of ¥, which is equal to / ¢'Da(x) dx if a belongs to L' (RN). When
a ¢ L', we continue to denote the limit / "™ q(x) dx and we have

(6.4.1) ‘ / ¥ g (x) dx

< C¢,m ||a||m,m+N+1 .

Proof. We want to use the principle of non-stationary phase, which requires to
make a large parameter appear. To do this, we will use a dyadic decomposition.
Let us recall how to obtain such a decomposition. Let yo € C° (RY;R) be a radial
function satisfying yo(x) = 1 for |x| < 1/2, and yo(x) = O for [x|] > 1. We
pose x(x) = xo(x/2) — xo(x). Then the function y is supported in the annulus
{x e RV ; 1/2 < |x| < 2} and, for all x € RY, we have the equality

L= xo(@) + ) x(277).
Jj=0

The convergence of this series is not a problem because, for all x € R, we have
x(27Px) = 0 for all integer p large enough. Let us set

p
Sp(x) = xo(x) + > x(277x) = xo (277 x),
j=0
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and introduce the well-defined integrals

I, ::/ei¢(x)a(x)5p(x)dx, R,(&) ::/ei¢(x)a(x)(1—g[/(sx))Sp(x)dx.

Notice that, by dominated convergence,

I(e) = / €D g (x)y (ex) dx = pl_i>Too/ ei¢(x)a(x)w(sx)Sp (x) dx.

Also, by definition,

/ ei¢(x)a(x)1//(sx)5p(x) dx=1,-R,(e).

Hence, it will suffice to prove that lim,_,,« /, exists and that lim,_,, R, (&) =
O(e). This will prove that /(&) has a limit when & tends towards O and that this
limit is independent of .

After changing variables z = 277x,
Ip=1Ip1= / 2" a(202) x (2)2 dz

where we used the fact that ¢ is quadratic to write ¢(7z) = t>¢(z).

On the support of y we have |z| > 1/2 so

inf |Vé(z)| =2 ¢co>0
z€esupp x

and we can apply the principle of non-stationary phase. More precisely, it follows
from Lemma 6.4.1 applied with f(x) = a(2”x) x(x) and A = 22 that, for all k € N,

/ ei22p¢(z)a(2pz))((z)2Np dz < C2NP=2pk max/ |02 (a(2Px) x (x))| dx,
|x|<2

la|<k
where we used the fact that supp y is contained in the ball B(0,2). The assumption

that a is an amplitude of order m implies that there exists a constant C > 0 such that,
forall p > 1,

/ |0 (a(2”x)x (x))] dx < C270F ™ ], 1)
|x]<2
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From this we deduce that
/ 2" a(2P2) x(2)2PN dz < CCPNH=20) g

We choose k = N + m + 1 so that
|Ip — 11| £ CCNym+127P Nlall . Nams1 -
In the same way we obtain that
|R,(g) = Rp_1(e)| < eC277.

This completes the proof. O

C. An inequality of Hormander

The aim of this paragraph is to demonstrate a nice result, the proof of which allows
us to implement several ideas which are very useful in practice.

Consider a family of operators 7}, depending on a small parameter /4, of the form

(T0f)() = / O ) f)de (nE € R,

Let us suppose that the phase ¢ is with real values and that the amplitude a is
compactly supported in x and in £. Then, we easily satisfy that, for all 2 > 0,
T}, is a continuous linear from L?(R?) to L?>(R?). We will prove an estimate, due
to Hormander, which states that if the mixed Hessian ¢>;’§ is not singular on the

amplitude support, then h~4/%T}, is uniformly bounded in £(L?).

Theorem 6.4.4. Let a € C3° (R? x RY). Ifa € C*(RY x R?) is real and satisfies

8¢
0x0&

(x,&) € suppa = det[ (x,f)} # 0,

then there exists a constant C such that, for all h € (0,1] and all f € L*(RY),

d
ITnfllr2 < Ch2 [ fllz2 -

67



Remark 6.4.5 (Hausdorrf-Young inequality). In view of the obvious estimate

IThfllzs < 1L

the Riesz convexity theorem implies that, if p € [1,2] and 1/p + 1/p’ =1, then

IThfllper < P I flle s f € CORY).

By taking ®(x,&) = x - & and a with a(0,0) = 1, we obtain the Hausdorff-Young
inequality by a scaling argument.

Proof. We will use classical results on bounded operators on £(L?). First, let

||T||i ) = ||T*||i (12)" We deduce that ||TT* As furthermore

2
||.C(L2)'

IT* fll2 = T £, T f) =TT £, ) < ITT* Nl gy 11172

we check that
1715 22y = N Wy = ITT "N 2y -

Therefore, it is sufficient to prove that the norm ! of 7,7, is bounded by C he. Let
us write

(LT 1)(€) = / Ki(€.m) f ()
where

K(€,1) = / OO0 g (. £)a(x, ) do.

We then use Schur’s lemma (proved at the end of this proof) which states that a
kernel operator, of the form

(T () = / K(x.y) £ () dy.

satisfies

21Tl o < sup / K (x, )] dx + sup / K (x, )| dy.
y X

It thus remains to estimate the kernel Kj,. If we introduce a partition of the unit, we
can always suppose that the support of a is included in a ball of diameter ¢ small.
One can thus limit oneself to consider the case where & and 7 are close. Then

10x (D(x,€) = D(x, )| = [®(x, 1) (& =)+ O = nl*) = clé -7,

1Tt is frequently used that it is more convenient to estimate the operator norm of 77* than that of
T; we then say that we use the 7T* argument.
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and one is able to use the lemma of the non-stationary phase to obtain the majoration

i€ -\ "
- :

IKn(&m)] < cN(

for all N € N. As moreover K}, is bounded, we deduce that

K (&,m)] < Cy(1+1€=nl /)7,

from which
sup / Kn(&.m)|dé < CHY, sup / Ky (&.m)] dy < Ch,
n 3

which concludes the proof. O

Lemma 6.4.6 (Schur’s Lemma). Let K (x,y) be a continuous function on R? x R¢
such that

sup [ KGylde < ar s [ KG)lay < s
y X
Then the operator P of kernel K, defined for u € Cg (R?) by
Puo = [ KGu()dy

extends uniquely into a continuous operator of L>(R?) in L>*(R?) and

|Pull;2 < VA1 A |ullz2 .

Proof. According to the Cauchy-Schwarz inequality

Pu)? < / K (e, )] ()P dy / K (x, )] dy < A, / 1K (e, )] ()P dy,

from which
/ PP dx < A, / / K ()] fu(y) 2 dy dx
<t [P ( [ 1Kyl a
<A / u(y) P dy,
which implies the desired inequality. O
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Remark 6.4.7. Schur’s lemma implies that if f € L' and g € L? then ||f = gl|;» <
£l lIgll 2. To see this it is sufficient to observe that

frgln) = / K(x.y)g(y)dy where K(x.y)= f(x —y).

The desired inequality comes from Schur’s lemma with A = || f|| 1.

6.5 Adjoint and composition

To state the main result of this chapter, it is convenient to use the following definition.

Definition 6.5.1. i) Let s € R. The Sobolev space H*(R?) is the space of tempered
distributions f such that (1+|€)?)%/2 f () belongs to L*(R?). This space is equipped

with the norm
1

2 25l o |2
s 1= —— 1+ dé¢.
11y = 7 [asierriier a
ii) Let m € R. An operator is said to be of order m if it is bounded from H*(R?) to
H*™(RY) for allm € R.

Example 6.5.2. * The identity is an operator of order O and the Laplacian is
an operator of order 2;

* A differential operator P = 3} 4 <k Pa(X)05 with k € N and p, € C;"(Rd)
is an operator of order k (non-trivial to prove starting from the definition of
Sobolev spaces for up € R\ N);

* The convolution operator by a function in the Schwartz class is an operator
of order —oo (which means that it is of order —I for all | € N or that it sends
H™(R?) = UyerH* (R?) into H*(RY) = Nyer H*(RY)).

In this chapter, we will prove (and make sense of) the following statement.

Theorem 6.5.3. i) If a € S"(RY) then Op(a) can be extended on the space S’(R?)
of tempered distribution as an operator of order m.

it) Suppose a € S"(R?) and b € S™ (R?). Then Op(a) o Op(b) is a pseudo-
differential operator of symbol denoted a#b and defined by

atb(x, &) = (27) // ¢ EN 4, £)b (v, ) dé dy.
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In addition Op(a) o Op(b) = Op(ab) + R where R is of order m + m’ — 1 and more
generally, the operator

Op(a) o Op(b) - Op ( >

la|<k

(aga(x,g))(afb(x,é))

il

is of order m + m’ — k — 1, for all integer k € N.

iii) The adjoint Op(a)* is a pseudo-differential operator of symbol a* defined by
a*(x,6) = (2m)~¢ // e Ma(x -y, & - ) dydy.

Moreover Op(a)* = Op(a) + R where R is of order m — 1 and more generally

1
Op(a®) - Op ( Z 8?8)?5()6,5)) is of orderm — k — 1,

S ilelg!

for all integer k € N.

Corollary 6.5.4. Let a € S™(R?) and b € S™ (R?). By definition, the Poisson
bracket of a and b is defined by

- 3 (s e

Then the commutator

[Op(a), Op(b)] = Op(a) o Op(b) — Op(b) o Op(a)

is an operator of order m + m’ — 1 whose symbol c can be written as

1 .,
c=-{a,b}+c where ¢ €8§™" 2,
i

To prove Theorem 6.5.3 we start by studying the adjoint with the following propo-
sition.

Proposition 6.5.5. Let m € R. If a € S"(RY) then the oscillatory integral
a*(x,&) = (2m)~ // e Ma(x -y, & —n)dydn

defines a symbol a* that belongs to S™ (R?).
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Proof. Let ¢(y,n) = —y -n. Then ¢ is a non-degenerate quadratic form on R?? (we
have ¢(X) = (AX) - X where A is the symmetric invertible matrix A = =1 (9/)).
At (x, &) fixed we denote

bx,{:(yarl) = E(X _y"f _77)
To study b, ¢, we will use the following inequality.

Lemma 6.5.6 (Peetre’s Lemma). Recall the notation

(€ =1+

Letd > 1. Forallm € R and all £, in RY, we have

@E+mym < 2Mgm gy,

Proof. According to the triangular inequality
L1407 < T+ (€1 +1nD? < 1+ 21677 + 2107 < 41+ 1€ (1 + )

50 (€ +1)? < 2%2(¢)*(n)? and we deduce the desired inequality for m > 0. Now
consider m < 0 so that —m > 0. We can then use the inequality with —m > 0 to get

™ < 27E+) (=TT,

which implies the desired result by dividing by ()™ (& + n)™". O

The previous lemma implies that
@-mm<2m@mapltt - ven e Y
Then, the assumption that a is a symbol implies that

0%3fa(x — y,& = )| < Cap(€ = )" Pl < Copté - )"

< Cop2l(gy™ (mylm!
< Cop2™EY™ (14 |y[? + [ ?) I/

for all @, 8 in N“. By definition of the classes of amplitudes, we deduce that
bye € AM(RM)
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and moreover

Ib

(o)) ™82l by (v, )| < CE™.

max

wtlltmiszans = lal+|B]<|ml+2d+1

Since a*(x, &) is an oscillatory integral given by

o (x, ) = // SO0 (v, ) dy d,

the previous estimation and the inequality (6.4.1) imply that (¢)™™a* is a bounded
function. It remains to estimate the derivatives. For that we will prove that a* is C*
and that for all any multi-indices «@, § we have

agaf(a*) = (agafa)*.

Let us admit this identity. Then the previous argument applied with the symbol
agafa e §"IB(RY) instead of a € S™(RY) implies that <g>—<m—lﬁl>agaf(a*) is

bounded for all @, 8 in N?. This will prove that a* is in §™(R?).

It remains to prove that 836? (a*) = (0¢ (’)f a)*. For this we will show that we can
differentiate the oscillatory integral which defines a* under the integral sign. Recall
that for all function ¢ € C7° (R? x R?) such that (0, 0) = 1 we have

a"(x.4) = lim // e Ma(x — y, & =y (ey, en) dy dip.
We will again use an integration by parts argument that relies on the identity
L+ YD) A+ )5 = AN U = A e™ T = e,

Since we are integrating regular functions with compact support, we can integrate
by parts and obtain that

// e Ma(x —y, & — )y (ey, en) dy dy

_ Ciymgy A k7 A k|G =Y. & —m(ey, en)
[ -t - st | SR | v

Recall that we have shown that
07 80a(x ~y.& = m)| < Cye2"gy™ (1 + nfP)"V2.
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On the other hand
07 (1 + Y1) 7] < Cry (1 + 1y 75, |95 (1 + 1) 7| < Crs(1+ P~

We then easily verify that, if k > (d + |m|)/2, then we can use the dominated
convergence theorem and deduce that

‘ _iy- a(x—y,&—n)
65.1) a (x,g)://e V(1= AR = A dy dn.
g LA+ IR+ )k

The key point is that we have written a*(x, £) in the form of a convergent integral in
the Lebesgue sense, and whose integrand depends in a smooth way on the parameters
x, €. We then check that we can apply the derivation theorem under the integral sign
for convergent integrals in the usual Lebesgue sense. It follows that a* € C*(R>?)
and

9edfa(x -y, & -n)
dy
(1+ [YPE(L+ [

a;’af(a*)(x, é‘:) = // e_iy.n(l — Ay)k(l — An)k dn

And then observe that the latter integral is equal to (97 65 a)* by applying (6.5.1)

with a replaced by 9 65 a. This proves that 3¢ 8? (a*) = (0 65 a)*, which concludes
the proof. ’ ‘ * O

Proposition 6.5.7. Let m € R and a € S"(RY). Then, for all u,v in S(R?) we have
(Op(a)u,v) = (u,Op(a”)v),

where (f,8) = fou f(x)g(x) dx.

Proof. To prove this result we will make the additional assumption that a is com-

pactly supported in x.

The proof is based on continuity arguments. Recall that the Schwartz space S(R?)
is a Fréchet space whose topology is induced by the following family of semi-norms,
indexed by p € N,

No(g)= >, sup [ofe()|.
la|<p,IBl<p XER

The convergence of a sequence (¢i)ren of S(R?) to a function ¢ € S(RY) is
therefore equivalent to

Vp €N, klim N, (o — @) = 0.
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Similarly, the topology on the symbol class §”(R?) is induced by the following
family of semi-norms, indexed by p € N,

M@=y s f@ " orofa o)}

la<p.lpl<p (&) ERIRI

The convergence of a sequence of symbols is equivalent to the convergence in the
sense of the semi-norms : for m € R we say that a sequence (a;) of symbols
belonging to $™(R) converges to a in §™(R?) if and only if

VpeN, lim M (ax—a)=0.
k—+00
Lemma 6.5.8. Letm € R, a € S™(R?) and (ay) be a sequence of symbols belonging
to S™(RY) and converging to a in S™(R?).
i) For all u € S(RY), the sequence (Op(ay)u) converges to Op(a)u in S(RY).
it) The sequence (a;) converges to a* in S™ (RY).

iii) Let € € R, b € S(RY) and (by) be a sequence of symbols belonging to S*(R?)
and converging to b in SE(R?). Then (ayby) converges to ab in S"* (R9).

Proof. i) We have already seen that if a € $”(R¢) and u € S(R?) then Op(a)u €
S(R9). The proof of this result leads directly to the result stated in point 7). In the
same way the previous proposition proves the continuity result stated at point ii).
Finally, the result stated at point ii7) is a direct consequence of Leibniz’ rule. O

Lemma 6.5.9. Let y € C(‘;"(Rd) such that x(0) = 1. Let us introduce rs(¢) =
y(g€) — 1. Then r, converges to 0 in S'(R?).

Proof. We will show that
a = 0 we write

8grg(§)) < Cpe(é)1?l for all multi-index @ € N?. For

1
r(6) = £ /0 X (1s8) - di

and we deduce (¢)7'r.(&) = O(¢) because y’ is bounded. For |e| > 0, we check
that

[@l1agr.(o)| = 2

then we use the majoration

1)1 (90 (28)

N3 e6)| < [(e0) " 30 (06| < sup (O g o)
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to obtain the desired result. m]

We are now able to prove the theorem. Consider a symbol a = a(x, &) € S™(RY).
We fix y € C7° (R) satisfying y(0) = 1 and we introduce, for all k € N*,

(lk(X, f) =X (%) a(x’ g)

Since ay is compactly supported in ¢ and also in x (by additional hypothesis on a)
we can apply the proposition 6.3.3 to write that

(6.5.2) (Op(ax)u,v) = (u,0p(a;)v) .

To prove the theorem, we have to see that we can pass to the limit in this equality.
To do this we start by combining Lemma 6.5.9 with the point iii) of Lemma 6.5.8
to obtain that (ax) converges to a in S (R?) for all m’ > m. The point ii) of
Lemma 6.5.8 then implies that (a;) converges to a* in S™ (R4). We can then apply
point i) of this lemma to obtain that Op(ay)u converges to Op(a)u in S(R?) and
similarly we get that Op(a; )u converges to Op(a*)u in S (R9). We can then pass to
the limit in the identity (6.5.2), which concludes the proof. O

We can now define the action of Op(a) on a tempered distribution. To do this, let us
recall the principle we saw in the chapter on the Fourier transform. Let a € " (R%)
with m € R. Then Op(a): S(RY) — S(RY) a continuous linear application. We
define then an operator A of S’(R¢) in S’(R?) by

¥(u,v) € S(RY)?, (Au,v)sixs = (u, Op(a*)v).

Then the proposition 2.3.6 shows that the operator A thus defined extends the
definition of Op(a). We denote it again as Op(a).

To conclude this paragraph, we will consider the composition of pseudo-differential
operators.

Let A; = Op(a;) and A = Op(ay) be two pseudo-differential operators. Suppose
that a; and a; belong to C° (R??) and consider u € S(RY). Then

ArAu(x) = (2m)™ / e ay(x, £)Au(€) dé
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and
Aa(e) = [ e au(y) dy
- n [ s dndy
s

AAsu(x) = (27) /// ITHEC g (¢ E)an (v, n)E(n) dE dy dn.

Thus we obtain that A;Asu(x) is equal to

m [ e ((%r)‘d [ e aoatm de dy | @ an
Formally A;A; = Op(b) where

b(x,n) = (Zﬂ)‘d//ei(x‘”'(f"”al(x,f)az(y,77) dé dy.

The formula which defines b is still a convolution in the variables (y, &) (at (x,7n)
fixed), this is why we can apply arguments parallel to those used to study the symbol
of the adjoint.

Proposition 6.5.10. If a; € S (R?) and a, € §™(R?), then Op(a;) o Op(az) =
Op(b), where b = ai#a, € S™*"2(RY) is given by the oscillatory integral

b(x.n) = (27) // SO ED g (x, E)an (v ) dé dy.

We will not discuss the proof, analogous to the one concerning the adjoint.

We have seen in this section that, for all m € R and all a € S™ (Rd), we can define
Op(a) on the space of tempered distributions. In particular we can define Op(a)u for
all u in a Sobolev space H*(R?) with any s € R. Thanks to the previous proposition
on composition, we will now see that Op(a) is an operator of order m as was claimed
in point i) of the theorem 6.5.3.

Proposition 6.5.11. Let m € R and a € S™(R?). The operator Op(a) is bounded
from H*(RY) to H "™ (RY) foralld > 1 and all s € R.
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Proof. For u € R, we denote by (I — A)*/? the Fourier multiplier of symbol (£)* =
(1 + |£[*)#/2. Then (1 — A)*/? is an isomorphism of H*(R?) onto L>(RY). It is
therefore sufficient to show that the operator

Asm = (I =220 0p(a)o (I-A)/?
is bounded from L?(R?) to L>(R?). Note that if b = b(£) then
Op(a) o Op(b) = Op(ab)

so the symbol of Op(a) o (1 — A)™/2is a(x,&)(£)5. Asa € S"(R?) and (£)~° €
S~5(R?), the product of these two symbols belongs to $”~*(R?). On the other hand,
to manipulate (1 —A)=™/200p (a(£)~*/?), we use the composition theorem which
implies that A, is a pseudo-differential operator whose symbol belongs to S°(R%).
It is therefore a bounded operator on L*(R¢) according to the continuity theorem
proved in the previous chapter. O

To conclude, it remains to prove the part concerning the symbolic calculation of
pseudo-differential operators. To do this, let us introduce the notion of asymptotic
sum of symbols. This notion allows us to give a rigorous meaning to claims such
as: a is the sum of a term (usually its so-called principal symbol) and a “better”
remainder.

Definition 6.5.12. Let a; € "™/ (RY) be a sequence indexed by j € N of symbols,
such that m; decreases towards —oo. We will say that a € §™° (R) is the asymptotic

sum of a; if

k
VkeN, a- Zaj e "t (RY),
j=0

We then denote a ~ 3. a;.

Proposition 6.5.13. i) Let m € R and a € S™(R?). Then

it) Let my,my € R. Ifa; € S™(RY) and a, € "™ (R?Y), then

1
a#ay ~ ZAj with A; = Z Talal (ﬁgm)(@ffaz).
J la|=j '
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Remark 6.5.14. In practice, by abuse of notation, we write simply

a* ~ Z ——a29%
l|a|a' S

and

1 a a
a1#a2 ~ Z m(ag cn)(ax az).

Proof. We will limit ourselves to proving the point /). We use Taylor’s formula
(whose statement is recalled at the end of the proof of this proposition)

ac-ve-m= Y, I gaan e ené
|a+8] <2k ’
with
—v) (—pn)B
”k(x’f’y,n): Z Zk(Ci)') %”aﬁ(ﬂf’yaﬂ)
|a+B|=2k
and

1
o (6, &, 3 1) = /0 (1= *10200a(x - 1y, & - m) dr.

Earlier we proposed to prove as an exercise that, for all @ and S in xN”,

B 0if a # B,
CR T
a! B! (=)t if @ = B.

This result implies that the sum over | + 8| < 2k corresponds to the asymptotic
expansion sought for a*. It then only remains to prove that

/ e™Vry(x, &, y,m) dy dy € S"7F.

We will integrate by parts to deal with r,5. By noting simply = different numerical

79



constants, we obtain 2

/ e_iy'nyanﬁraﬁ(x’ f’ Y, 77) dy d77
= */ 6;(€_iy‘n)77ﬂrafﬁ(x, §9 Y, 77) dy d77

= x / e v Z(agnﬁ)b‘i_yraﬁ(x, &, y.m)dydn
y
= Z %k / e—iy‘nnﬁ—ya;_yraﬁ(x’ é‘:’ ya 77) dy dr]
Y
=) / e Oy rap(x, £, y,m) dy dy.
Y
By definition of r,g, we have
1
70y T rap(x, €, y,m) = /0 (1=t 2R 2 G By g2 PG (e — 1y, & — 1) .

Asy <aandy < Swehave |y| < kand|a+8—-vy| >k, so

3)«3+ﬁ—78g+ﬁ—75 c gmk

Then
/e"'y'”rk(x,f,y,n)dydn:/e_iy'nsk(x,f,y,n)dydﬂ

where s is an amplitude s; € A" ¥l with

K
Sk lljm—tcl jm—kl+2d+1 < Ce(E)™ .

We deduce that
&k / ey (x. £, y.) dy dny

is bounded and then that f ey (x, &, y,n) dy dn belongs to S”*. O

2[f g € A™ and b € AY, for @ € NV we have,

/ei¢(x)a(x)6”b(x)dx:/b(x)(—a)a(ei¢(x>d(x))dx'
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In order to be complete, we prove the version of the Taylor formula that was used
above.

Theorem 6.5.15. Let u be a function of class C* on RY. Then for all x and y in R¢
we have

1 d k ! e
ux+y)= Yo () + > ay@/O (1= 1(0%u) (x +ty) dt.

o<k la|l=k

Proof. We check that

d 1 1
a( 2 W“@fu(xﬂy)): ( a)yﬁwfu)(xm)
lo|=k-1 " |Bl=k ‘a<B.lal=k-1 "
ﬁ.
= 51 | @0 Gn)
IBl=k \1<j<d ™"
= ) g @),

So the function

V= Y L= @) (ot )

le|<k

satisfies v(1) = u(x + y) and

k
O = D S, v Y (=05 @) (xor )

lo|<k —° le|=k

so that the Taylor formula is a consequence of the fundamental theorem of integral
calculus. O

6.6 Applications of the symbolic calculus

6.6.1 Action on Sobolev spaces

We will give another proof of the following result that we have already seen in the
previous chapter.

81



Theorem 6.6.1. Ifa € S°(R?) then Op(a) is bounded on L*(R?).

Proof. Letus set A = Op(a). The idea is the following, as
lAull?, = (Au, Au) = (A*Au, u),

to show the inequality ||Au||i2 <M ||u||i2 for some M > 0, it is enough to show that
suffice to show that (Bu, u) > 0 where B = M Id —A*A. Note that B is a self-adjoint
operator. To prove that B is positive for M large enough, we will show that we can
write, approximately, B in the form of a square. Precisely, we will show that we can
write B in the form

B=C"C+R,

where C = Op(c) with ¢ € S°(RY) and R = Op(r), r € S~\.
Let us choose M = 2 sup |a(x, &)|? and then let us take :

c(x,&) = (M~ la(x, &))",

We check that ¢ belongs to S°(R¢). The theorem of composition of operators implies
that C*C = MId —A*A + R where R = Op(r) with » € S~!. Thus

2 2
lAullz, < Mull;, + (Ru,u).

Now we have to increase the error (Ru, u). Since ||Ru||i2 = (Ru, Ru) = (R*Ru, u),
R will be continuous on L2 if R*R is, with

* 1/2

IRl 22 < IR*RILEY

Now r*#r € S72 : by iterating the argument we see that it is sufficient to show
that, for k large enough, any operator of symbol r € S~* is continuous on L?. We
will show this result by using Schur’s lemma and the following remark: if r € §7*~!

then the kernel K (x, y) of Op(r) is a bounded continuous function, because

aé
T+ =€

n Co
kel < o™ [ ool < oo f
(27)
Moreover, (x; —y;)K(x, y) is the kernel of Op(id,r) € Op §7=2 c Op S~ ! so by

iterating (n + 1) times, we finally find (1 + |x — y|"*')K (x, y) < C. The decay of K
to infinity implies in particular:

[kepiac<a [ixeoia<a
We conclude the proof with Schur’s lemma (see Lemma 6.4.6). O
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6.6.2 Subelliptic problems

Proposition 6.6.2. Let u € R and e € SH be a symbol such that
e, ) 2 c(1+]ED" V(x, &) e R¥.

Then e~} belongs to S™*. Moreover, for all s € R there exist constants Ky, K1 > 0
such that, for allu € H”,

l[ullgs < Ko |Op(e)ull s + K [|uel| s -

Proof. The fact that e~! € S7# can be proven directly. Then e#e~! = 1 + b with
b € S~! and we deduce Op(e~!) Op(e)u = Op(1)u + Op(b)u = u + Op(b)u so

lllze < [|OPCe™ )| 2 (ggs-nspgsy 1OP ()it + 10BN £ (g-rsgsy Nl st
which gives the desired result. O

Proposition 6.6.3 (Garding’s inequality). Let m € R and a € S™(R?) be a symbol
such that

(6.6.1) e > 0/ V(x,&) e R*, Real(x,&) > c(l+ &)™
Then there exist constants Co, Cy > 0 such that, for all u € S(RY),

Re(Op(a)u,u) > Cy ||M||i1m/2 -C ||u||§_1(m—1)/2 .

Remark 6.6.4. One can improve this inequality in two directions.

i) Firstly, as it is explained in Exercise 11.0.9, one can prove that, for all N there
exists a constant Cy such that,

Y 2 2
Re(Au,u) > > el Zymre = Cnv el w5

for all u € S(RY).

ii) The previous proposition remains true if a is a matrix-valued symbol (in this case
Rea = a + a*). The proof reduces to showing that, for all symbol a € S° such that
a(x, &) is Hermitian definite positive uniformly for (x,&) € RY, there exists b € S°
such that b(x,&)*b(x,&) = a(x, &).
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Proof. To prove this inequality, which is a relation between the positivity of a
symbol and that of the associated operator, we will use the symbolic calculus to
write A = Op(a) as a square (i.e. P*P) plus an operator of order m — 1.

Let us set

1 .
B::ReA:E(A+A),

so that Re(Au,u) = (Bu,u). As A* € Op(a) + Op S, we have B = Op(b) with
b= %(a +a*) =Rea+d whered € "1,

We then denote e the positive square root of Re a, which is a symbol belonging to
$™/2 by assumption (6.6.1). Moreover, the composition of the symbols is such that

fi=e'#e —Rea e S" 1.
We deduce that b = e*#e + g where g =d — f € §™~!. We can then write
Re(Au,u) = (Op(b)u, u)
= (Op(e)” Op(e)u,u) + (Op(g)u, u)
= [|Op(e)ull7, + (Op(g)u, u)
> [[0p(e)ulZ, = 10p(g)ull, 1o Il s
The previous proposition implies that

lull, 5 < Ko lOp(e)ull 2+ K flull -1

and the theorem about the continuity of YDOs on Sobolev spaces implies that

10p(Q)ull 15m < K lluell s -

Combining the previous inequalities we get the desired result. O

Recall the Poisson bracket notation:

da 0b  0b Oa

)= 2, 355w o2, ox,

1<j<n

Theorem 6.6.5. Let P = Op(p) be a pseudo-differential operator such that p =
p1 + po with p1 € SY(R?) and py € SO (RY). Suppose that there exists a constant ¢
such that,

i{p1,p1} > c(1+[£]).

Then there exists a constant C such that

lullgirz < CllPul[r2 + C lull 2.
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Remark 6.6.6. The previous condition on i{py,p1} is called the Hormander hy-
poellipticity condition. We check that for all p € C'(R?) with complex values, the
Poisson bracket i{p, p} is a real-valued function.

Proof. Let us introduce the operator Q = P*P — PP*. Then

|1Pull3, = (P*Pu,u)
= (PP*u,u) + ((P*P — PP")u, u)
= ||P*ull7, + (Qu, u)
> (Qu,u).

Thus, any estimate of positivity of Q will give an estimate on ||Pu||iz.

Recall first that if A = Op(a) € Op ™' and B = Op(b) € Op §™2, are two pseudo-
differential operators, then A* € Op $”" and [A, B] € Op §"™*™~!_ Furthermore

1
A*eOp(@)+0ps™~',  [A,B]€Op (—.{a, b}) +Op S™Hm2,
l
Therefore 0= Op(q) with qg=q1+qo where qgi € Sl (Rd), qo € SO(Rd) and

1 _
q1 =7{P1,P1}-

By hypothesis we deduce that Re gy > c|¢] if |¢] > R. The Gérding’s inequality
implies that

1
Re(Qu.u) > = [l = C lul}

This concludes the proof. |
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Part 111

Propagation of singularities
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Chapter 7

The Cauchy-Lipschitz theorem

In this chapter, we recall several fundamental results : the Banach fixed point
theorem, the local inversion theorem and the Cauchy-Lipschitz theorem.

7.1 Reminders of differential calculus

Let E and F be two real normed vector spaces and let U be an open set of E. Consider
an application f: U — F and a point a € U. We say that f is differentiable at point
a in the Fréchet sense if there exists a continuous linear application L: E — F and
an application €: E — F such that

f)=f(a)+L(x—-a)+|x—allge(x—a) with ||hl”im Os(h) =0.

The existence of L depends on the choice of the norm ||-|| ;. Such a linear application
L is necessarily unique and is called the differential of f in a, denoted d(a) (or d, f
or f'(a)). By abuse, we will simply say differentiable instead of differentiable in
the Fréchet sense. Recall the following result.

Theorem 7.1.1. Let f: U C E — F be a differentiable application on an open
convex open U. Suppose that there exists a constant C such that

Ya € U, ||df(a)||£(E7F) < C.
Then, for all (x,y) in U X U, we have

£ ) =Dl < Clix = yllg -
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Suppose that f is differentiable at any point of U. Then we denote d f the application
a — df(a), called the differential of f. If the application df is continuous from U
into L(E, F), then we say that f is of class C' on U and we denote f € C'(U). If
the application d f is differentiable at any point a of U, then we say that f is twice
differentiable on U and we denote d*f the resulting application. If this application
is continuous from U into L(E, L(E, F)), then we then we say that f belongs to the
space C2(U) of functions of class C? on U. By induction, we define more generally
the notion of a function of class C* for all integer k € N. We say that f belongs to
the space C*(U) of functions of class C*® on U if f is of class C* for all k. Finally,
given a closed set K ¢ U, we will say that f is of class CX on K if there exists an
open set V such that K ¢ V ¢ U and such that f belongs to C*(V).

7.2 Banach fixed point theorem
Let us start with the fundamental example of solving an equation ®(«) = 0 in the
case where @ —Id is a contracting application, in the sense of the following definition.

Definition 7.2.1. Let (E, d) be a metric space and a positive real number k. We say
that an application f: E — E is k-Lipschitzian if, for all pair (x,y) in E X E,

d(f(x), f(y)) < kd(x,y).
We say that f is contracting if it is k-Lipschitzian for some k € [0, 1).

Theorem 7.2.2. Let E be a complete metric space and f: E — E a contracting
application. There exists a unique fixed point x* of f in E, such that f(x*) = x*.
Moreover any sequence (x,)nen of elements of E satisfying x,+1 = f(x,) converges
to x*.

Proof. Let xg € E and let (x,),en be the sequence defined by x,,+1 = f(x,). Then
d(Xpma1,Xm) < kd(Xp, Xm-1) SO

d(Xpms1,Xm) < k™d(x1,x0).
Since Xp4p — Xy = Xpg1 — Xp + -+ -+ Xpyp — Xpgp—1 We deduce
n n+p—1 n 1
d(Xpip,xn) < (K" + -+ K"P70)d(x1,x0) < k ﬁd(xl,xo),
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so the sequence (x;),cn is a Cauchy sequence. Since E is a complete space, this
sequence converges to an element denoted x*. To show that x* is a fixed point of
f we will use the previous inequality d(xp+1,X,) < k™d(x1,x9) which leads to
d(f(xm),xm) < k™d(x1,x0). Since k < 1 and f is continuous, we can pass to the
limit in this inequality to deduce that d( f(x*),x*) = 0, which shows that x* is a
fixed point of f. O

7.3 Inverse function theorem

In this section we will see the proof of the inverse function theorem in Banach
spaces.

Definition 7.3.1. Consider two normed spaces By, B and open sets U C By and
V C By. We say that an application f: U — V is a C*-diffeomorphism, with
k € NU {co}, if :

 fisofclass Ck,

* f is a bijection from U to 'V,

o the inverse f~\ is of class CK.

Theorem 7.3.2. Let f: U — B, be an application C' from an open set U of a
Banach space B to a Banach space B;. If df (xo) is an isomorphism from B} to B,
then f is a C' diffeomorphism of a neighborhood of xo on a neighborhood of f (xo).

Remark 7.3.3. Moreover, we can prove that, if f is injective and if for all x of U the
differential df (x) is a bi-continuous isomorphism, then f(U) is an open set and the
inverse bijection, from f(U) to U, is of class C".

Proof. We begin by observing that it is sufficient to consider the case B} = B,
x0 = 0, f(xo) = xo and df(xo) = Id. To see this, we replace U by the set U of
elements x such that xo + x belongs to U, and f by the application

Fx) = (df (x0))™" (f (x0 + %) = f(x0))-

Now let us introduce ¢(x) = x — f(x). The differential dg(0) of ¢ at O vanishes
so there exists 7 > 0 such that B, is included in U and such that the norm of the
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differential of ¢ is always less than 1/2 on this ball. We introduce W = B, , and
V = B, N f~1(W). Let us show that f is bijective from V to W.

Surjectivity. Let y € W. We look for x € V such that y = f(x). To do this we write
the equation y = f(x) in the form

x=h(x) with A(x)=y+eox)=x+y— f(x),
and we are looking for a fixed point of 4.

Theorem 7.1.1 implies that ¢ is 1/2-lipschitzian on B,. Thus ||¢(x)|| < r/2 for

allx € B,. Forally e W = B, /> we have ||y|]| < r/2 so h sends B, in B, by the
triangular inequality. Moreover A, like ¢, is 1/2-lipschitzian. Therefore A has a
fixed point x in B, (according to the fixed point theorem). We check that x belongs
to B, because x = h(x). Similarly we have x € f~!(W) because f(x) = y. This
proves that for all y € W, we can find x € V such that f(x) = y.

Injectivity. For all (x1,x2) € VXV,
llx1 —x2ll = llo(x1) + f(x1) — @(x2) = f(x2)]]

1
< 5 =2l + £ G = fO2)

SO

(7.3.1) ey = x2ll < 21 f (x1) = f(x2)]],
which implies that f: V — W is injective.

Regularity. First we observe that df (x) = Id — d¢(x) and d¢(x) has norm less than
1/2 < 1 forall x in V. Therefore d f (x) has bounded inverse according to a classical
result proved below, and its inverse is given by ),y (de(x))”, of norm smaller than
2. Let us then show that f~! is differentiable and that its differential is the inverse
of df (f~!(x)). To do this, let y € W, let x = f~'(y) and set L = (df(f~'(y)))~".
We want to show that

(7.32) I/~ G +2) = 71 = Lzl = oz
For this let us introduce 4 such that x + & = f~'(y + z). Then
I o+ =) - L[ = s+ h=x = L(f(x + h) = f(x))

=||L(f(x+h) = f(x) - L7'h)
<2||f(x+h) = f(x) - L7'H|,
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because ||L|| £(g) is bounded by 2. Now we use L~! =df(x) to conclude

I +2) - () - Lz| < 4ln]l.

We can then use the inequality (7.3.1) to conclude that ||&|| < 2||z||, which finally
proves (7.3.2).

Since f~! is differentiable it is continuous and x — (df(f~'(x)))~! is continuous
by composition of continuous functions. O

Lemma 7.3.4 (Neumann series). Let B be a Banach space and T € L(B) satisfy
|IT|| < 1. Then Id =T is invertible and its inverse is given by

(Id-7)""' = i ",
n=0

Proof. The proof relies on the fact that £(B) is a Banach space (because B is one)
and on the fact that the operator norm on £(B) satisfies the following inequality:

T\ T2l ey < IT0ll 2oy 12| £(B)-

Let us consider the partial sum S, = T° + T +--- + T". Then (Id -7)S,, = Id -7"*!
converges to Id because ||T”+1||L(B) < ||T||’2+(%) and ||T|| ;5 < 1 by hypothesis.
Moreover the series S, converges normally so it converges because L(B) is a
Banach space. This classical result can be proved directly in the following way:

since

n+m oo
Snem — Sull £(5) < Z “T”]L(B) S Z ”THJL(B)’
j=n+l Jj=n+l

and since the right-hand side of the previous inequality converges to 0, the sequence
(Sy) is a Cauchy sequence and therefore it has a limit in the Banach space £(B). O

7.4 Cauchy-Lipschitz theorem

Theorem 7.4.1. Let n > 1 and consider an application f € C'(R x R4;R?). Then,
for all yo in RY, there exists T > 0 such that the system of differential equations
y' = f(t,y) has a unigue solution y € C'([-T, T];RY) satisfying y(0) = yy.

Proof. Let us fix a parameter 7 > 0. Note that y satisfies
(741) y,:f(t’y(t))’ y|t=0:y0,
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if and only if the function z(7) = y(T't) — y satisfies
(7.4.2) Z(t) =Tf(Tt,z2(t) +y0), zlr=0=0.

So if we can find T > 0 such that there exists a solution z defined on a time interval
[—1, 1] we will have a solution of the initial problem, defined on the time interval
[_T’ T] .

Let us introduce the spaces
Bo=C’([-1,1;R%) and B ={zeC'([-1,1;R’); 2(0) = 0} .
These are Banach spaces for the norms

llullg, := sup [u(T)|, llullp, := sup lu(r)|+ sup [u'(7)],
[-1.1] [-1.1] [-1.1]

where || denotes any norm on R¢. Let us also introduce the functional ®: Rx B| —
R X By defined by

®(T,z) = (T,v) where v(7)=27(7)=Tf(Tt,z(7) + yo).

Then ¢ is a C' application and its differential at the origin (0,0) is given by the
application (Idg, d/dr), that is

d®(0,0) - (T,h) = (T,u) with u(t)=h(r)-Tf(0,yo).

This application is a linear isomorphism of R X By onto R X By, whose inverse is the
application L defined by L(T,v) = (T,w) where w(7) = T7f(0, yo) + /OT v(s)ds.

We can then apply the inverse function theorem. We deduce that ® is a C!-
diffeomorphism of a neighborhood U c R X By of (0,0) on ®(U). Since (0,0)
belongs to U, ®((0,0)) belongs to ®(U). Now, by definition of @, we have
®((0,0)) = (0,0). Moreover ®(U) is an open set, because it is the preimage of
the open set U by the continuous application ®~!. In particular, the pair (7,0)
belongs to ®(U) for T small enough. There exists a pair (7, z) in R X By such
that ®((7”,z)) = (T,0). We deduce that 7" = T and that z is a solution of the
equation (7.4.2). Then, as we explained at the beginning of the proof, the function
y(t) = z(t/T) is a solution of (7.4.1).

Let us finally notice that the uniqueness of the solution comes from the uniqueness
result for the inverse function theorem. O
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7.5 Propagation along bicharacteristic curves

Definition 7.5.1. Consider a function b = b(x, &) € C*(R*?) with real values. We
denote Hy: R* — R?? the vector field defined by

ob ob ob ob
7.5.1 Hp(x, :<— )iy — (0, E), ——(x, &), ..., — , )
A5 Hy(x8) = (G708, 52 (08,5 L. L0 8)
We say that Hy, is the Hamiltonian field of b. Its integral curves are called bicarac-
teristics. For (x,&) € R xR, we denote t — (DtHb (x,&) = (x(2),&(2)) the unique
maximal solution of the system

dx B a_b g ~ _%
(7.5.2) dt 0 (x(@).£(1),  —- = =7 (x(1).£()),

x(0) =x, £(0)=¢.

Proposition 7.5.2. Suppose b is a real-valued symbol with b € S'(R?). Then the
Sflow CDE%: R2? — R* is defined for all time t € R. Moreover, if p € S°(R?), then
p(<I>§{b (x,&)) defines a symbol that belongs to S°(RY) uniformly in t.

Proof. Given (x,&) € R?, the Cauchy problem (7.5.2) can be written under the
form

M'(t) = Hy(M (1)) where M(1) = (x(1),&(1)),
M(0) = (x,¢).

Since b is a C™ function, the vector field H, is C' and hence the Cauchy-Lipschitz

theorem implies that there exists a unique maximal solution m: [0, T*) — R??. Let

us prove that this solution is globally defined, which means that 7% = +oco. Recall

the following alternative: either 7* = +oo or lim sup,_, ;. |m(t)| = +oco0. To prove that

the latter condition is impossible, we will estimate y(¢) = |m()|%. Since b belongs

to S!, there exists a constant C > 0 such that |H,(m)| < C + C |m| for all m € R*¢.
It follows that

d
d—ty(t)2 =2m'(t) -m(t) <2C(1+|m|)|m| < C+ 3Cy(t)2.
Then it follows from Gronwall’s lemma that
1
y(1)?* < y(0)2" + g(em - 1),
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from which we deduce that 7% = +oc0.

In addition, the smooth dependence of the solution of an ordinary differential
equation with respect to the initial data implies that, for all + > 0, the flow
(x,8) @;Ib(x,.f) is C®. Denote @' (x,&) = (X'(x,&),E (x,&)). We claim
that, for all multi-indices @ and 8 in N9, there exist constant Cep and C[’x 5 such that

(7.53)  V(x,&) e R,

G0N (x, )| < Cap@ P if Jal +15] > 0,

(7.5.4)  V(x,&) e R¥,

8“6'8"’(x f)‘ <C) (f)l Bl for any a, B € N¥.

We begin by studying Z(x, £). Since d,b is a symbol of order 1, as above we have

SC+C|.:

d_,
(71.5.5) 'au (x,€)

and since Z°(x, &) = &, the same argument as above implies that

= 2 1
[ (e ) < 1617+ 2(3 - 1),

This proves (7.5.4) when @ = 8 = 0. In addition, this implies that there exists
t1 small enough (namely for e3¢"t < 4), for all ¢+ € [0,7;], we have |Et(x,§)| <
2(1+4]£]). Now set g = 1/(6C) (notice that zy < t;). Then, by plugging the estimate
|Et(x,§)| < 2(1+|€]) in (7.5.5) it follows that, for all ¢ € [0, ],

=! - | d
|2 (x, &) ﬂsA e

1
—E%(x,&)|ds < 5(1 +|£]).

Therefore, for all (x, &) € R?? and all time ¢ € [0, to],

(7.5.6) |§| -5 S E'(x,8)| < %+ % 1] .
Set

d. X! (€)deX!
E71d, B dE

where the differentials d, X', d¢ X', d,E" and d:E' are identified with matrices. One
can form an evolution equation on S;, namely

St(x’é:) =

0
ESZ(-X’ év‘:) = A(t’x’ é:)St(-x’ é:) ; SO(-x’ é:) = IdRM
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where

A= dxvgb o (I)’(x,f) <f> dngb o CI)t(x,f)
- _<§>_1 d,Vibo q)t(x’ £) _dfvxb © Q)t(x’é-’) .

Let assume that (7.5.3) and (7.5.4) hold for all multi-indices «, 8 such that |a|+|8] <
k with k € N*, It follows that, if |a| + || < k then

(7.5.7) sup (&)1
de

0“8ﬁS,(x,§)’ < too.

We want to prove a similar estimate for A. We claim that, if |a| + |8| < k then

(7.5.8) Vi€ [0,70], sup(&)P!
RZd

6f0§A(t,x,§)‘ < +00.

To see this, we first observe that, for any function F € C®(R?), and for all multi-
indices a, B, 0Y 6;’ F(®'(x,£)) is a linear combination of terms of the form

’ 4 a a|q’ ba 1 b} @ a’|m
(0792 F) (@' (x,€)) (95107 X},) -+~ ("9, X}, ) (050, X1,) -~ (09,2 )

where

ar+-ctaetay e tag =a, b+t b +by -+ by, =B
In addition, for any symbol r € SO, we have

(00 ) (@' (x, )| < CE (v, ) ¥ < C'(e) 7,
where we used (7.5.6). By using the previous inequality with

r=0g00b, =792, b or ”—<§>§5k

XXk

(which are symbols of order 0) and combining this with the induction hypothesis,
we get the wanted result (7.5.9).

It follows that

0
Ea;’aﬁs, (x,&) = R(t,x, &) +A(t, x, g)agafs, (x, &) 6”8ﬁ50(x &) = 6969 1dgau,
where R(t, x, &) is a linear combination of terms of the form 97~ 6'8 K AdY 6ﬁ S,
where |@’| + |B'| < |a| + |B| < k. In particular, it follows from (7.5. lO) and (7. 5 9)
that

(7.5.9) vz € [0, to], sup(&YP R (1, x,8)| < +o0.
RZd
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Then the Gronwall lemma implies that

(7.5.10) sup(&)A!

BfafS,(x,f)‘ < too.

Now, directly from the definition of S;, we deduce that the induction hypothesis
holds at rank £ + 1.

Now, consider a symbol p € S°, a time ¢ € [0, 9] and set g(x,&) = p(P(x,&)).
It follows from the estimates (7.5.3) and (7.5.4) and the arguments used to estimate
A above, that g is a symbol of order 0. The above argument holds for all time #
small enough, namely for ¢ € [0, 79]. To conclude that the result holds for all times,
we will see that it suffices to iterate. To begin, let us first prove the desired result
on the time interval [0, 2zp]. To do so, set ¢ = p o ®" and let T € [0,7y]. Since
T = P o BT, we have p o DT = g o ®T. The previous result applies twice
implies successively that g is a symbol of order 0 and then that g o @ is also a
symbol of order O, uniformly in 7. By induction we successively prove that, for
all integer N, p o ®' belongs to SO for all ¢ € [0, Nty], uniformly in time. This
concludes the proof. O
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Chapter 8

Sobolev energy estimates for
hyperbolic equations

8.1 Introduction

Letd > 1andv = (vq,...,vg) € R The transport equation is the prototype of a
first order hyperbolic equation. It is the equation

ou+v-Vu=0

where the unknown u = u(t, x) is a real function of class C!, defined on R x R? and

Proposition 8.1.1. Let ug € C'(RY). There exists a unique functionu € C'(RxR?)
which is a solution of the Cauchy problem

{6tu+v-Vu:O,

Ujr=0 = UQ-

This solution is given by the formula u(t,x) = ug(x — tv).

Proof. The idea is to introduce a family of functions # — X (¢, x) indexed by x € R?
such that, if u is a solution of ,u + v - Vu = 0 then t — u(¢, X(t,x)) is a constant
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function. Here, this amounts to introducing X (¢, x) = x + vt. Indeed,
d
Eu(t,x +vt) = (Ou+v-Vu)(t,x +vt).

So if u is a solution of the Cauchy problem then
u(t,x +vt) = u(t, X(1,x)) = u(0, X(0,x)) = u(0,x) = uo(x),
hence u(t,x) = ug(x — vt).

Conversely, we directly verify that (¢, x) — uo(x — tv) is a C! function which is a
solution of the Cauchy problem. |

In the case where the constant vector v is replaced by a function with variable
coeflicients, we still have a formula for representing the solution based on the use
of the characteristics curves. We will not study use this approach. Instead we will
study an approach based on a priori energy estimates, which is a powerful tool to
study PDE of different natures. In the general theory of partial differential equations,
an a priori estimate is an inequality for the solution or its derivatives of a partial
differential equation. A priori means "from before" in Latin and is used to refer to
the fact that one proves an estimate about the possible solutions of an equation before
one knows that these solutions exist. This is a fundamental method from which it
is often possible to prove that solutions do exist using arguments from functional
analysis (see for instance Exercise 11.0.11). In this chapter we will see an example
of this principle.

Let us recall Gronwall’s lemma which plays a fundamental role in the study of
evolution equations.

Lemma 8.1.2 (Gronwall’s Lemma). Let A,B > 0 and b,¢: R, — R, be two
continuous continuous functions such that

t '
vVt > 0, o(t) <A +B/ ¢(s)ds +/ b(s)ds.
0 0
Then, for allt > 0,

t
¢(1) < AP +/ b(s)eB=9 ds.
0

Proof. Let us introduce

w(t):A+B/t¢(s)ds+/tb(s)ds.
0 0
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By hypothesis, this function is of class C' on R, and
w'(t) = Bo(t) + b(t) < Bw(t) + b(1).

Therefore ,
(w(z)e—B’) < b(t)e ",

and we deduce the desired result by integrating this inequality and noting that

o(t) < w(t). |

Let us now consider V € C°(R X R?) with real values and a solution u €
C'(Ry; L*(RY)) of the equation

Ou+V(t,x)-Vu=0.

By multiplying the equation by u and integrating we obtain that

d
a/u(z,x)2dx=2/ua,udx:—zfu(v-vu)dx

and by integrating by parts we deduce that

1 1
/u(V-Vu)dx:E/V-Vuzdx:—E/(divV)uzdx,

from which

% / u(t,x)?dx < ||div V|| ;e / u? dx.
The Gronwall lemma then gives

Vi> 0, u()7, < eV jug)?, .
Note that if divV = 0 then the L?(R¢, dx)-norm is preserved.

The aim of this chapter is to derive similar estimates in Sobolev spaces for general
hyperbolic equations and then to deduce from these estimates that the Cauchy
problem for the latter equations has a unique solution.

8.2 Pseudo-differential hyperbolic equations

We consider complex valued symbols a(x, &) depending on a the variables x, & in
R¢ where d > 1 is a fixed integer.
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Definition 8.2.1. Consider a complex valued symbol a = a(x, &) in S'. We say that
a is hyperbolic if a can be written as a = ay + ag where a; € S\ is purely imaginary
and ag belongs to S°.

Example 8.2.2. The symbol a(x, &) =iV (x) - € is hyperbolic, then Op(a)u =V -Vu.
We consider in addition:

e atime 7 > 0 and a real number s;
* an initial data ug € H*(RY);

« asource term f € C°([0,T]; H*(R?)).
We are interested in the following Cauchy problem

52.0) {atu +Op(a)u = f,

ull’:O = Uo,

where the unknown is the function u = u(t, x), the variable ¢t € R, corresponds to
time and the variable x € R? (d > 1) corresponds to the space variable.

Theorem 8.2.3. LetT > 0, d > 1 and s € R. For any initial ug € H*(R?) and any
f € CY([0,T]; H*(R?)) there exists a unique function

u e CO([0,T]; H* (RY)) n €1 ([0, T]: H~1(RY))

which verifies
o +Op(a)u = f

and which is such that u(0) = uy.

8.3 A priori estimate

As explained in the introduction, the key point is to obtain an a priori estimate. We
will deduce Theorem 8.2.3 from the following lemma.

102



Lemma 8.3.1. Let s € R, T > 0. There exists a constant C such that, for all
u e CY[0,T]; H) n C°([0,T]; H*Y), all f € CO([0,T); H®), all uy € H* and all
€ [0,T], ifu is a solution of (8.2.1) then

t
(83.1) lu ()l < € Mol + /0 SN (1) e dt”
Moreover there are two constants K and N which depend only on s such that

C<K Z sup)(f)"ﬁ'ﬁfﬁfb(x,f)‘ where b :=a+a" = (a" —a) +2Rea.
jal+Bl<N 4

(Here a* denotes the symbol for the adjoint of Op(a).)

Proof. We start with the case s = 0. Since u is C!' with values in L? we can write
that

d d
()22 = 3 (o), u(n))

= 2Re (8,u(t), u(?))
(8.3.2) = —2Re (Op(a)u(), u(r)) + 2 Re (f(1), u(t)) .

Now write that

(Op(a)u(r),u(1)) = (u(1), (Op(a))u(1)) = (u(1), Op(a*)u(1)),

to get
2Re (Op(a)u(1),u(1)) = (Op(a +a”)u(z), u(r)) .

The assumption that the symbol a is hyperbolic means that a = —a + 2Re a with
Rea € S°(RY). Since in addition we have a* — @ € S°, we deduce that a* = —a + b
where b := (a*—a)+2 Re a belongs to S°. Then we deduce from the Cauchy-Schwarz
inequality and the continuity theorem of ¥DO of order 0 on L? that

| (Op(B)u(r), u(t)] < 1IOp(D)l £(12) ()]l < Collu(r)ll

where Cj is a constant that does not depend on ¢. By plugging this inequality into
(8.3.2) we conclude that

d
(8.3.3) T ()72 < Collu@lI7 + 2 1F Ol 2 ()]l 2
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To conclude the proof, we would like to write that % ||u(t)||i2 =2 ||u(t)|| ;2 % ()]} 2
and simplify the inequality by dividing by ||u(¢)||;2. To do so in a rigorous way,
we proceed as follows: Given 6 > 0, we deduce from (8.3.3) that the function

y(1) = 4 /||u(t)||§2 + 6 verifies
d »_d 2 2
—y(1)" = —[lu(@®) 7> < Coy ()™ + 2| f (D)l 2 y(2),
dt dt
and since ||u(z) ||i2 + 6 > 0, the function y(¢) is C! and then it is possible to write

d d
ay(t) =2y(1) dty(t),

and then to infer that
d
225(0) < Cov() +2 £ )2
Gronwall’s lemma implies that
t
lu()l2 < y(t) < y(0)e/? +/0 £ (2)]] 2 e dy,

for all 6 > 0. By making ¢ tend to O we obtain that

t
a2 < @)z €924 [ 1@z 00t
0
which concludes the proof of the lemma in the case s = 0.

Now for any s € R we commute L = 9, + Op(a) to Ay = (D,)*, which gives
AsLu=TLAu, L=8+A, A=A0p(a)A.

Note that A is a ¥DO operator of hyperbolic symbol. We conclude the proof by
applying the previous L? estimate to L (that is the estimate (8.3.1) with s = 0). O

8.4 Proof of Theorem 8.2.3

8.4.1 Step 1: uniqueness

The first consequence that we can draw from Lemma 8.3.1 is the part of Theo-
rem 8.2.3 which has to do with uniqueness. Indeed, if u;, j = 1,2 are two different

104



solutions of the Cauchy problem
Ouj+Op(a)u; = f 5 ujli=0 = uo,

withu; € CO([0,T]; H(RY))NC([0,T]; H~1(RY)), then the difference u = u;—us
belongs to C'([0,T]; H*~'(R?)). Then one can use the energy estimate (8.3.1)
applied with s replaced by s — 1 to obtain that u; = u,.

8.4.2 Step 2: construction of approximated solutions

So it remains only to prove the existence. We will construct a solution of the Cauchy
problem as the limit of solutions of approximate problems. To do so, we introduce
for € > 0 the following Cauchy problem

(8.4.1) ou+Op(a)Jeu=f, u(0)=ug
where J, called Friedrichs mollifier, is defined by

Tev(€) = x(£€)V(£),

where y is a function C* on R4, with support in the ball of center O and radius 2,
and value 1 on the ball of center 0 and radius 1.

The next statement contains all the properties that we are going to prove about the
approximated Cauchy problems (8.4.1). It will imply immediately Theorem 8.2.3.

Proposition 8.4.1. Let T > 0 and s € R. For all € € (0,1], all ug € H® and all
f € CO[0,T]; H®), there exists a unique solution u, belonging to C'([0,T]; H*) of
the Cauchy problem (8.4.1). Moreover, for all o < s, the sequence (ug)ge(0,1] s a
Cauchy sequence in CO([0,T]; H7) N C'([0,T]; H" ') and converges in this space
to the unique solution u € C([0,T]; H*) n C'([0,T]; H*™") of the Cauchy problem

ou+O0p(a)u=f, u(0)=ug.
Proof. We will note C several constants (whose value can vary from one expression
to another) which depend only on 7 and s.

The main difference between the Cauchy problem (8.4.1) and the same problem
without the operator J, is that it is very easy to show that the problem (8.4.1) has a
solution.
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Lemma 8.4.2. For any uy € H® and all f € C([0,T]; H®), there exists a unique
solution u, belonging to C'([0,T]; H*) of the Cauchy problem (8.4.1).

Proof. We have already seen that if @ = a(x, &) and b = b(¢) (that is b is a symbol
independent of x) then Op(a) o Op(b) = Op(ab). We deduce that, for all € > 0,

Op(a)J: = Op(a®)

where
a®(x,€) = a(x, &) x(&f).

For all £ > 0, the symbol a® is compactly supported in ¢ and in particular it belongs
to Fg (R%). The continuity theorem for pseudo-differential operators implies that
Op(a®) is a bounded from H*(R?) to itself. Then the equation d,u + Op(a®)u = f is
an ordinary differential equation in Banach spaces, for which the Cauchy-Lipschitz
theorem applies (one can also use the conclusion of Exercise 11.0.10). O

In the following we use the notation a®(x, &) = a(x, &) y (g€).

Lemma 8.4.3. There exists a constant C such that for any € > 0 and any t € [0,T],
and any function v € C'([0,T]; H*(RY)),

VOl < ClIv(O) || + C/O 1(0rv + Op(a®)v(7) |l s d7.

Proof. Note that the symbol a®(x, &) = a(x, &)y (&€) is bounded in S' uniformly
in &, in the sense that { a;(x,&)y(g€) : & €]0,1] } is a bounded in S'. Moreover
Re ¢ is uniformly bounded in S°. The desired inequality is therefore a consequence
of (8.3.1). O

Applying the previous inequality to v = u., we obtain that there is a constant C such
that, for all € > 0,

T
(8.4.2) sup Jug (1)l s SClluolle+C/ 1L (Ol s dr.
te[0,T] 0

This implies that (u)ze]o,1] is a bounded family in CO([0,T]; H*(R%)). Then, using
the equation, we verify that (u:)zcj0,1] is a bounded family in c'([0,T]; H1(RY)).
Our goal is to show that u, converges when ¢ tends to O to a solution of the Cauchy
problem. For this we will show the following lemma.
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Lemma 8.4.4. The family (u.).e)0,1] is a Cauchy sequence in CO([0,T]; H2(RY)).

Proof. Let € and &’ in ]0, 1]. Starting from

O +Op(a)Jque = f,
atus' + Op(a)Js’us’ = f’

we deduce that v = u, — u. verifies
v +0p(a®)v = fz avec f,=O0p(a)(Je —Js)ue .

Since u, and u. coincide for t = 0, we have v(0) = 0 and we can then use the
inequality of the previous lemma to obtain that

T
IWlcoorpaes < C /0 1o (O] g2 .

Now

fE @O gs—2 = ||Op(a) (Js’ - Je)ue’(t)||Hs—2 <K ||(Js’ - Ja)us’(t)| Hs-1 -

By definition

”(Js’ - Js)ua’(l)|

S = (2 / (€205 | x(e€) = x (') e (1, )17 dé.

We use the elementary inequality |y (e€) — y(£’¢)| < K |e — €| |£| to conclude that

T T
| 1Ollzdr <K le =21 [ w0l
Since [[uer|| co(o.71:m+) 18 uniformly bounded according to (8.4.2), we obtain

IVllcogrory:as2) = O(le = €'1),

which is the desired result. O

We thus have seen that the family (u:)z¢(0,1] is bounded in C 0([0,T]; H®) and that
it is also a Cauchy sequence in C°([0,T]; H*=?). The following lemma will allow
us to deduce that (u,).¢(0,1] is a Cauchy sequence in C([0,T]; H?) for any o < s.
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Lemma 8.4.5 (Interpolation in Sobolev spaces). Consider three real numbers
si<o<sy with oc=asi+(1—-a)s, where ae€|0,1].
Then, for all u € H*2(R?),

1-
(8.4.3) lullgre < Neellsy Neall sz -
Proof. Let us write that

lulfy = 2o [ (> @) ae
= (27)™ / @2 @) (€2 Ja@) P de
so that the desired inequality is a consequence of the Holder inequality. O

As mentioned above, for any o € [s — 2, 5), the previous inequality applied with
(s1,82,0) = (s —2,5,0) leads to the fact that (us).c(0,1] is a Cauchy sequence in
C°([0,T]; H?). Using the equation, we further obtain that (d,u,) ee10,1] is Cauchy
in C1([0,T]; H°1). So u, converges in C°([0,T]; H) n C'([0,T]; H" ') to a
limit denoted u. By passing to the limit, we find that u is a solution of the Cauchy
problem

Ou+O0p(a)u=f, u(0)=up.

To conclude the proof, we just have to show that u belongs to CY([0,T]; H®) N
C'([0,T]; H*™1). To do so, we regularize f and u(, construct a regular solution se-
quence a sequence of regular solutions and pass to the limit. More precisely, we intro-
duce two sequences ( f")nen and (ug)nen with f* € CO([0,T]; H**?) and uf} € H**2
which converges to f in C°([0,T]; H®) and to u in H*, respectively. The previous
work gives a sequence of solutions " belonging to C'([0, T]; H*). The energy es-
timate (8.3.1) then shows that (") a is a Cauchy sequence in C([0,T]; H*) and that
(0,up) is a Cauchy sequence in C([0,T]; H*™!) , so it converges in C°([0,T]; H®)
towards a solution of the Cauchy problem. By uniqueness of the solution of the
Cauchy problem, we deduce that u belongs to C°([0, T]; H)NC' ([0, T]; H*™!). O
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Chapter 9

The wave front set

In this chapter, we give an introduction to the study of microlocal singularities.

9.1 Local properties

Let u € C(‘;"(Rd) and a € S"(R?) with m any real. The continuity theorem for
pseudo-differential operators implies that Op(a) is continuous from H*(R¢) into
H™(R?) for all s € R. Since C(‘;O(Rd) is included in H*(R¢) whatever s € R, we
deduce that

Op(a) (Cy(RY)) ¢ H*(RY) c CX(RY),

where the second inclusion comes from the Sobolev injection theorem. One may
wonder if we have better. For instance is it true that Op(a)u is a function with
compact support? This result is true, trivially, if a is a polynomial in & (with
coefficients depending on x). Indeed, in this case, Op(a) is a differential operator
and Op(a)u is supported in suppu. Conversely, a classical result of differential
calculus states that local operators (which do not increase the support) are necessarily
differential operators (see Problem 23 in [1]). This means that, given a pseudo-
differential operator, it is false in general that if u belongs to C° (RY) then Op(a)u €
Cy (R?). However, we have several results concerning the local theory of pseudo-
differential operators and we will describe them. Among these results, the simplest
one is given by the following proposition.

Proposition 9.1.1. Let a € S™(R?) and u € L*(RY) be a function with compact
support. Consider a function ¢ € CZ"(R‘]) which vanishes on a neighborhood of the
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support of u. Then ¢ Op(a)u belongs to CZ"(Rd).
Proof. Let us consider a function ¢ € C? (R?) which is 1 on the support of u and
whose support is included in ¢~ ({0}).

Since ¢ = ¢(x) is a function of the variable x only, we have ¢ Op(a)u = Op(pa)u.
Moreover, by construction we have u = yu. The composition theorem implies that

¢ Op(a)u = Op(pa){yu} = Op ((pa)#y)u.
In addition

(gt ~ Y (3 ) 350,

By hypothesis on ¢ and ¢ we have ¢(9¢y) = 0 for all @ € N therefore (pa)#y ~ 0.
We deduce that Op((a)#y) is a regularizing operator, bounded from H*! (R¢) into
H%(RY) for all real numbers s1, so. This concludes the proof. O

Remark 9.1.2. The result remains true, with the same proof, if we only suppose that
u belongs to the space & (R?) of distributions with compact support. To see this it
is enough to know that any element u of &' (R%) belongs to a Sobolev space H*(R?)
for a certain s € R.

Recall that

S (RY) = U STRY),  ST(RY) = ﬂ S (RY).

meR meR

Thus S*(R?) is the space of all the symbols while S~ (R¢) is the space of regular-
izing symbols. We have of course S~ (R%) c §*°(R9).

We denote

He®Y = JH®),  H®R)=(H"®),
seR seR

and we have this time H**(R?) ¢ H™*(RY).

We saw that if @ € S™(RY) with m € R and u € H*(RY) with s € R then
Op(a)u € H*™(R?). If m < 0 then Op(a)u is more regular than . In particular

aeSRY, ue H*RY) = Op(a)u € H*(RY) c C;>(RY).
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Proposition 9.1.3. Consider a regularizing pseudo-differential operator Op(a),
such that a € S~ (R?). Then Op(a) is continuous from &' (R?) into S(RY).

Proof. Let a € S (R?) and u € & (RY). Since & (RY) ¢ H™*(R?), the above
proves that Op(a)u belongs to H*(R?) and thus to CZ"(Rd). Then we apply a
reasoning already met which tells us that, for all @ € N", x* Op(a)u is a linear
combination of terms of the form Op(aga)(x”“su), which belong to C;° (R?) for

the same reasons (&' (R¢) is stable by derivation and by multiplication by a smooth
function). Thus we conclude that Op(a)u € S(R?). O

We recall the definition of the singular support of a distribution.

Definition 9.1.4. We say that a distribution f € S’ (R?) is of class C* in the
neighborhood of xy, if there exists a neighborhood w of xo such that for all functions
¢ € C(w) we have ¢ f € C*(RY).

The singular support of f, denoted supp sing f, is the complementary of the set of
points in the neighborhood of which f is C*.

This notion allows to generalize Proposition 9.1.1.

Proposition 9.1.5. For all a € S*°(RY) and all u € H*(R?) we have

supp sing Op(a)u C supp sing u.

Proof. Leta € S*°(RY), u € S'(R?) and Q = R?\ supp sing u. Thus yu € CS"(Rd)
for all ¢ € C7°(€). Moreover for all ¢ € C°(€2) we can find ¢ € C;°(Q) with
Y =1 on the support of ¢ (because dist(supp(¢p), dQ) > 0), and

¢ Op(a)u = ¢ Op(a) (Yu) +¢Op(a) (1 —y)u).

The first term is in S(R?) since yu € Cy (R%) c S, and the second term can
be written Op(b)u where b = pa#(1 — ). As we have already seen, the sym-
bol b satisfies b ~ 0 since supp(¢) N supp(l — ) = O by construction of .
Moreover, if u € H™°(R9), then we also have (1 — ¢)u € H (R?). We de-
duce that ¢ Op(a) (1 —y)u) € H™(RY). So, for all ¢ € Cy’(Q), we have
¢Op(a)u € C(L2). We deduce that Op(a)u € C*(Q) (regularity is a local
notion) which is the desired property. O
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9.2 Wave front set

The wave front set of a distribution f € S’(R¢), denoted WE(f), is a subset of
R? x (R4\ {0}), which describes not only the points where f is singular, but but also
the co-directions in which it is singular. This set is defined by its complementary.

Definition 9.2.1. Let f € S’(RY).

i) We say that f is microlocally of class C* at a point (xo,&y) € R? x (R?\ {0})
if there exists an open set w C R? containing xo and an open cone T' of R? \ {0}
containing &gy such that we have

(92.1) Vg € C¥(w), YN EN, 3Cy>0: VEeT, ‘&}(5)] < Cy(1+)E)7V.

ii) The set of points (xo, &y) where f is not microlocally C* is called the wave front
set of f and noted WE( f).

The wave front set is a conical subset of R? x (R¢ \ {0}), which means that for all
t>0,

(x,¢) e WE(f) = (x,t¢) € WE(f).

The wave front set allows to specify the notion of singular support. Indeed, we have
the following proposition.

Proposition 9.2.2. The projection on R? of WF(u) is supp sing(u).

Proof. Consider a point xo € R? that does not belong to supp sing(u). If ¢ €
Cy (R?) is supported in a sufficiently small ball centered at x(, then ¢u is a C*
function with compact support and therefore belongs to the Schwartz class. As the
Fourier transform of a function of S(R?) belongs to S(R?), we deduce that ou is
rapidly decaying in all directions. In particular, no (xo, &) belongs to WF(u).

Conversely, suppose that xq is such that no (xg, &) belongs to WF(u). For each &
we can find an open set w containing xo and a cone I" containing &y such that (9.2.1)
is valid. By compactness of the sphere, we can find a finite number of such couples
(w;,I'}) so that the I'; cover R4\ {0}. For ¢ € e (R?) whose support is contained
in Njw; we deduce that the function pu is rapidly decreasing, which completes the
proof. O
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If P is a differential operator of order m whose coefficients p, are real and C*,

P= ) pa(x)d;.

la|<m

An important question in PDE is to determine the wave front set of the distributions
of the equation P f = 0. The basic results relate the geometry of the operator to the
geometry of the singularities of its solutions. The two simplest geometrical objects
that we associate with the PDE P(f) = 0 are the following.

i) The principal symbol

Pn(x,€) =i" > pa(x)E”,

|a|=m
which is a homogeneous polynomial of degree m in &.

ii) The characteristic variety of P, denoted by Car(P), which is the closed set
(homogeneous in &) defined by

Car(P) = { (x,&) e R x RI\ {0}); pum(x,€) =0}

The first important result of the theory is the following.

Theorem 9.2.3 (Sato-Hormander). Singularities are contained in the characteristic
variety: If P is a differential operator whose coefficients belong to Cf(Rd), then for
allu € 8’ (RY),

P(u) =0 = WF(u) c Car(P).

Proof. We start with a technical lemma. Given a differential operator Q and a
function ¢ € C° (R?), we look for iy € Cy (R?) which satisfies, approximately, the
equation

O(e™?) = pe'™t.

Solving approximately means that we will have an error and that this error is mea-
sured in function of the natural parameter which is the frequency |£| (here |£] is
large). Let us also observe that e ¢ Q( fe™*¢) = q,,(x,&) f + - - - where the dotted
lines hide a polynomial in € of degree less than m — 1. Thus, as a first approximation,
we look for i as a perturbation of —————.

qm(x,)
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Lemma 9.2.4. Consider a differential operator Q = 3|41<m Ga(x)0y of order m
and let us note g (x, &) = 2|q|=m da (x) (i€)® its principal symbol. Let w be an open
set of R and V c R? \ {0} an open cone such that

AC>0/V(x,§) e wxV, |gm(x,8)] = C¢]"

For any integer N, for any ¢ € C*(w) and any & € V, there exists gy € Cy’(w)
and rg y € Cy(w) such that

Ot ) = gl e (e

with sup,cpa (&)Y |(9§r§:,N(x)| < +00 for all @ € N4,

Proof. Let us introduce an operator Rs (which depends on &) by posing

v
qm(x,&)

It is then a question of solving, approximately, the equation ¢ + R¢(¢) = ¢. Let us

o( €)= (@ + Re())e™.

start by giving an expression of R (/). For that we compute e ™4 Q ((Lf)eix-é‘)
Qm -x9

where Q = ), qo(x) DY, directly with Leibniz’s rule, by separating the expression
into several terms: the first term corresponds to the case where all derivatives are
of order |a| = m and act on the oscillatory factor ¢ (the contribution of this term
is ); the sum of the other terms corresponds to R¢ (), it is the sum of terms for
which either |a| < m — 1 and all derivatives act on ¢*¢, or at least one derivative
acts on the factor ¢ /g, (x, &). We find

—zfo(qm (‘i g) —zx-ef) =(I)+R:(¢)  where
(1) = ™€ s f)aa(x)(')f(eix'f),
Re(y) = e™™¢ m;} — g)aa(x)aa(e”“f)
+emiE ﬁ+y:;ﬁ|>oaa(x)aﬁ( m(‘/’ 6))576”65.

Then (1) =y because
> a3 (@) = g, )",

la|=m
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by definition of g,,.

Let us set

N-1
en = ) (=Re)"(9),  ren = (=DMRY (¢).
=0

Then Y¢n + Re(Yen) = ¢ + reny and we check that rg y satisfies the desired
properties. O

Let us now prove the theorem. Let (xg, &) ¢ Car(P). Then there exist an open set
w of R¢ and a cone I" c R¥ \ {0} such that

AC>0/(x,é) e wx' = |pu(x,&)] 2 ClE™.
Then, with Q = 'P, we have
AC >0 /V(x,é) e wxT,  |gm(x,=&)| = C|E]™.

Let us fix a function ¢ € C;°(w). To show that (xo, &o) ¢ WF(u), we will estimate
pu(£). The previous lemma implies that, for all integers N and all £ € T, there exist
Yen € Cy (R%) and r¢,n such that

m ’
with sup |8)‘C’r§,N| =0(|¢™).

Then we can write

FU(E) = (. 0o ™) = (0, (e (. ~£))e ™) — ree™4)
= <Pu’ (‘ﬁg,N/Qm (X, _‘f))e_ix.§> - <I/l, ’,.&Ne—ix~§>

= —(u,rg e %),
where we used that Pu = 0.

Recall that by definition of tempered distributions, there exists an integer p and a
constant C such that

Ve e SBY., )l <C Y sup x“afk(x)‘.
|l +]Bl<p ¥R
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As rg y is a C* function with compact support in w,

|<”’r§,Ne_ix'§>| <C Z sup ﬁf(rf,Ne_ix'f)‘

le|<p

but sup, )65 (rf,Ne"'x'f)‘ = 0(¢]"P1=N) so [(u, re™™¢)| < Cy(€)P~N. (The constant
Cy depends on w and ¢, but this is not a problem.) Taking N large enough, we
conclude the proof. O

9.3 Theorem of propagation of singularities

The theorem of propagation of singularities says that not only the wavefront set is
contained in the characteristic variety, but it is also necessarily a union of trajectories
for a natural dynamical system.

Let us recall one result proved in §7.5.

Proposition 9.3.1. Suppose b is a real-valued symbol with b € S'(R?) and denote
by Hy, the hamiltonian vector field

(See (7.5.1).) Then the flow CD’Hh : R* — R* js defined for all time t € R. Moreover,
if p € S°(RY), then p(Cquh (x,&)) defines a symbol that belongs to S°(R?) uniformly
int.

1

Consider a symbol a € S'(R?). It is assumed that a can be written as a' + a” where

1. a° € S9;

2. a' € S! is a symbol with purely imaginary values.

For instance, a(x, &) =iV (x)¢é withV € C)? (R?) a real valued function.

We have shown in the previous chapter how to solve the Cauchy problem for the
equation
O+ Op(a)u = 0.
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We denote S(z,s) = e“0OP(@: 12 5 2 the solution operator which to a given
function uy € L*(R?) associates the value at time ¢ of the unique solution of the
Cauchy problem which is ug at time s. That is: u(t) = S(¢,s)ug is the unique
function u € C°(R; L*(R%)) such that

Ou+O0p(a)u =0, u(s)=ug.

Theorem 9.3.2. Consider a symbol py € S° and set Py = Op(po). Then, for all
t € R, modulo a regularizing operator, S(t,0)PyS(0,t) is a pseudo-differential
operator: there exists a symbol q; € S°(R?) such that, for all ug € L*(R?),

S(1,0)PoS(0, )ug — Op(g:)uo € H™(RY).

In addition
qr(x, &) = po(@y (x,£)) € STH(RY)

where @;1 is the flow associated to the vector field

1= 257 )

Proof. Deriving with respect to ¢ we find that P(¢) = S(¢,0)PyS(0, t) satisfies
P'(t) +[Op(a), P(1)] =0, P(0) = Py.

We will construct an approximate solution Q(f) of this equation and show that
P(t) — Q(t) is a regularizing operator. So we look for Q(¢) = Op(g,) with g € S°
solution of

Q'(1) + [ Op(ar). Q0] = R(1).  Q(0) = Py,
where R(t) is a family of regularizing operators. We will construct ¢ of the form

Q(t9x’§) ~ q(O)(Z’x"f) +q(_l)(t’x7§) +--

where ¢ is a symbol of order —k. Then the commutator [Op(a,), Q(7)] is a
pseudo-differential operator of order 0, and in addition its symbol satisfies

1 1
ahq - gha~ Hg+—{0p(a),qt+ Y, ——|(6f)(00q) - (@F9)(37a)|.
i e DL ~

This suggests defining ¢© by

0
(E-i—H)q(O)(l‘,x,f) :O’ Q(O)(O’x’f) :p()(x’f)'
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Thus ¢© (¢, x,&) = po(®7 (x,&)), the symbol given by the theorem statement. We
have ¢ (¢, x, &) € S°(R?). By induction we solve

(% i H)Cl(‘”(t,x,f) = (1,x,8), ¢"0,x,6) =0,

where b~/ is determined by induction, so as to obtain a solution of (??).

Finally, it remains to prove that P(¢) — Q(¢) is a regularizing operator. Equivalently,
we will show that v(¢) — w(t) = S(z,0)Pof — Q(¢)S(£,0) f € H*(R?). Note that

% +Op(a)v=0, v(0)=Pyf,
and

ow

=2+ Oplaw =g, w(0) = Pof,

where g := R(1)S(t,0)f € C°(R; H®(R?)). Taking the difference of the two
equations we find

%(v —w)+O0p(a)(v-w)=-g, v(0)—w(0)=0.

Then the theorem about the Cauchy problem for hyperbolic equations implies that
v(t) —w(t) € H°(RY) forall t and all f € H~*(R¢). This completes the proof. O

We can now calculate the action of the solution operator exp(z Op(a)) on the wave
front set of the initial data.
Let us recall that in the previous section we proved the following

Proposition 9.3.3. Let m € R, a € " and u € S’'(RY). Assume that Op(a)u €
C*®(RY) and that |a(x, &)| > |€|" for all (x,&) € w X T where w is a neighborhood
of xo and I is a cone containing &y. Then (xg,&9) € WFE(u).

Theorem 9.3.4. If u satisfies
Oiu+0p(a)u=0, wuy==uop
with ug € L*(R?) then u € C°([0,T]; L>*(RY)) and, forall0 <t < T,
WE(u(1,)) = ), (WE(uo)).
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Proof. Suppose that (xg,&9) ¢ WF(up). Then there exists a neighborhood w of
x0, a cone I' containing &y and a symbol p € S° such that |pg(xo, &o)| > 1 for all
(x,€) € w x T such that Op(pg)up € S(RY).

Using the operator Q introduced in the proof of the previous theorem we obtain that
(8 +O0p(a))Qu = Ru € C°([0,T]; H™),  Quli=o € S(RY).
We deduce that Q(¢)u(z) € H®(R?) c C*(RY).

Since Q(t) is a pseudo-differential operator whose principal symbol is po (P (x, )),
we deduce that @, (xo, &9) € WFu(t, ). Since we can reverse the direction of time,
we find the desired result. |
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Chapter 10

Paradifferential operators

In this chapter we introduce Bony’s paradifferential calculus. It allows to study the
regularity of the solutions of nonlinear partial differential equations. This theory
lies at the interface between harmonic analysis and microlocal analysis. It has a long
history that owes a lot to Calderén and Zygmund, Coifman and Meyer, Kohn and
Nirenberg, as well as Hormander.

We refer to [6, 16, 19, 20, 26] for the general theory. Here we follow the presentation
by Métivierin [19]. We refer also to the recent book of Benzoni-Gavage and Serre [5]
for applications of paradifferential calculus to hyperbolic systems.

10.1 Spectral localization

Theorem 10.1.1. Let € € [0, 1) and consider a function a € C*(R??; C) such that

M := sup sup |(1 + |§|)|ﬁ|8§a(x,§)| < 400,
BI<[4]+1 (x.£)eR2M

Assume in addition that, for all & € R¢, the partial Fourier transform
d(n,§)=/ e a(y, &) dy
R4

is supported in the ball {n € R?; |n| < & |€|}. Then Op(a) € L(L*(RY)) and

10p(a)ll2p2 < CM,
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for some constant C depending only on &.

. . 0 d
Remark 10.1.2. We will see in the proof that a belongs to S 11 (R).

Proof. Set N =1+ [d/2].

Step 1: Littlewood-Paley decomposition. We use the decomposition of the unity
introduced in Lemma 4.1.1. Write

(10.1.1) a(x,€) = ax, )y (&) + ) alx, £)p(278),
p=0
and then set
a1(x,€) =ale,OY(E) ; ap(x.€) =alx,£)e27¢) forp 2 0.

Step 2: Bernstein Lemma. We claim that, for any multi-indices @ € N? and 8 € N¢
with |8| < N, there exists a positive constant C such that,

(10.1.2)

6f6§a_1(x,§)‘ <M,

and, for p > 0,

6;’6561[,()6,6)‘ < cm2rel-IB

Since |€| ~ 2P on the support of ¢(277¢) (resp. |£] < 1 for p = —1), this follows
from the assumption that the partial Fourier transform a(n, £) is supported in the
ball {|n| < € ||}, by using the following

Lemma 10.1.3. Consider a function f € L*(RY) whose Fourier transform is
included in the ball {|&| < A}. Then f € C*(R?) and, for all @ € N¢, there exists a
constant C = C(d, a) such that

10 £l < A1 £1l

Proof. Introduce 6 € Cg"(Rd) suchthat 8(¢) = 1for |£] < landset6,(£) = 0(£/A).
Then 6, f = f, which implies that

f=k1*f, where k;=F 1(6)).
We are now in position to estimate the derivatives of f by exploiting the relation
O f =(0ka) * [

122



Observing that «;(x) = 1% (Ax) with x = F~1(6), we obtain that

”@?KAHL'(Rd) = Al ”aJ?K”L‘(Rd) ’

and the result follows. m]

Step 3: low frequency component. In view of (10.1.2), it follows directly from the
Calderén-Vaillancourt theorem (see Theorem 5.2.1), that Op(a—;) is bounded from
L?*(R%) to L?(R?), and satisfies the estimate

10p(a-1)ll;22 < CM.

Step 4: rescaling. We want to prove that the operators Op(a,) are also bounded
from L?(R9) to L?>(R?). To do so, we use a rescaling argument. More precisely,
given a positive real-number A > 0, introduce the operator H, defined by

(Hu)(x) = 12 u(x).

Then
|Hawll 2 = ||ull 2 -

In addition, for any symbol p = p(x, &), we have

Op(p) (Har) = Ha(Op(pw)  where  pa(x.£) = p(7.4¢):

This implies that Op(a,) € £(L*(R?)) if and only if Op(b,) € L(L*(R?)) where
b,(x,€) =a,(27Px,2P¢),

and then ||Op(ap)||L2_)L2 = ||Op(bp)||L2—>L2'

Step 5: boundedness of the rescaled operators. Notice that, for any multi-indices
a € N? and 8 € N with | 3| < N, there holds

a;’afbp(x,g)‘ <CM.

Then, as already explained above, it follows from the Calderén-Vaillancourt theorem
(see Theorem 5.2.1) that

lop(ap)l 22 = IO oo < CM.
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Step 6: spectral localization. Notice that

On(aputn) = 7 | atn=e. 0027 )ite) de.

Introduce the function u, defined by
() =€) if £el,={371.2" <|& <3-2°},

and 1,(¢) = 0 whenever & ¢ I',. Then ¢(277&)ii(¢) = p(277&)ii,(€), which in
turn implies that
Op(ap)u = Op(ap)u,.

Exploiting again that the partial Fourier transform d(n, &) is supported in the ball
{Inl < €]€|}, we verity that the support of ¥ (Op(a)u,) is included in the larger

shell
1-€

r;,:{neRd; 2pS|n|S3~(1+e)2p}.

Now, since any 7 is included in at most 21og(3/(1 — €))/log(2) dyadic shells I"),
we deduce from the elementary inequality (a + b)?> < 2(a? + b?) that

_ 2 _ 2
(10.13) | > Oplapum)| <o)y |[oplayum) -
P P
It follows from Plancherel’s theorem that

2 2
1op(@ull?, ~ || " Optapu| , < 3" [Optau , ~ > optauls.
p p p

Remembering that Op(a,)u = Op(a,)u, and using the fact that Op(a,) € L(L*(RY)),
we get from (10.1.3) that

[op(ap)alf. = loptapus[; < M2 |-

we conclude that

D lloptapyullze < 02 3l
P P
Eventually, since each ¢ is contained in at most a fix number of dyadic shells I";,, we

have :
Z ””P“Lz < ||u||%2 .
p

This concludes the proof. O
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10.2 Notations

Given an integer k € N, we note W5 (R?) the Sobolev space of distributions f
such that % f € L™ (R¥) for |a| < k. This space is equipped with the norm

lullyeos = > [05ul]

la|<k

Given p €]0, +0o[\N, WP (R9) is the space of bounded functions whose derivatives
of order [p] € N are uniformly Holder continuous with exponent p — [p]. This
space is provided with the norm

|02u(x) - 2u(y)|
lx — y|p—[p] )

lullyoss = el +

|lrl=[p]

Definition 10.2.1. Consider p in [0,+c0) and m in R. One denotes by I'}} (RY) the
space of locally bounded functions a(x, &) on R? x RY, which are C* functions of &
and such that, for any a € N? and any ¢ € R?, the function x Gg a(x, &) belongs

to WP (R?) and there exists a constant C, such that,
102.) ve e R [|0Fa Oy < Call+1gD™

Given a symbol a, to define the paradifferential operator 7, we need to introduce a
cutoff function 6.

Definition 10.2.2. A function § € C®(R¢ x R?) is said to be an admissible cut-iff
function if it satisfies the three following properties:

(i) There exists €1, &3 satisfying 0 < 2e| < &3 < 1/2 such that

0(n.&)=1 if Inl<erlgl and |] =2,
0, &) =0 if |nl=e&ld] or [§]<1.

(ii) Forall (a,B) € N¢ x N, there is Cq p such that
V(n,6) e RYXRY,[970£0(n,€)] < Cap(1+1£) 7P
(iii) 6 satisfies the following symmetry conditions:
(10.2.2) 0(n,&) = 0(-n, &) = 6(-n,&).
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Proposition 10.2.3. For any 0 < €| < &y < 1, there exists an admissible cut-off
function 0 satisfying the three properties above.

Proof. Let F € C®(R??\ {0}) be positively homogeneous function of order 0 and
such that

F(n,§) =1 for |n| <&,
F(n,§) =0 for |n| =& (&].

By homogeneity, we have

1050 F (0,6)] < Cag(1+ Il + 1ED T < Cy o (14 ]y 1171A1,
Then consider ¥ € C*(R9) such that

y(é)=1 for [£] =2,
Y(€)=0 for [&| <1,

and set 6(n, &) = F(n, &)Y (€). The symmetry condition (10.2.2) is satisfied if one
assumes that F and ¢ are even in 17 and &. m|

Example 10.2.4. As an example, fixd = 1 and €, &y such that 0 < 2e1 < &, < 1/2
and a function f in Cy (R) satisfying f(t) = f(-1), f(t) = 1 for |t| < 2&, and
f(t) =0for|t| > &p. Then set

0n,&) = (1 - (&) f (g) .

Properties (i), (ii) and (iii) are clearly satisfied.

Lemma 10.2.5. Consider an admissible cut-off function 8 and set

G(y.6) = /R eT0(n,€) dn.

(2m)4
Then, for all ¢ € R¢ and all B € N¢,

165G (&)l 1 sy < Cp(1+ 1N

Proof. We use the identity

@ iyn (1 )a iyn
yie T =(-0,] e,
I
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and integrate by parts to obtain

1
(2m)4

1 a i .
/ (76,7) eynafe‘
1

= — e"y'"a“aﬁe‘
(2m) LISszlfl e

< CIEM (1 + |g))ll-IAl

yaﬁfG(y,f)‘ =

It follows that

¥ 160G (v, €)] < Clel? (1+ 1),

We then use the previous inequality with @ = 0 and || = d + 1 to get that

(L+]€D?
(L4 ]x[ (L + &)+t

¥ 1617 LG (3,8)| < C1+ e

By integrating in x, we obtain the desired estimate for the L'-norm of 8? G(-,¢). O
Proposition 10.2.6. Let a € I')j withm € R and u € [0,+00). Then the following
three definitions of o = o (x, &) are equivalent:

(i) o(-,§) =0(Dx,&)a(- &),

(ii) o(x,6) = [ G(x =y, &)a(y.€) dy,

(iit) (Fxo)(n,¢) = 60(n, &) (Fxa) (0, §).

In addition,
m
o€ Z#.

Consider a symbol a € T'j for some m € R. Then the paradifferential operator 7,

with symbol a is defined by
T, =0Op(0),

where o is given by Proposition 10.2.6. It follows that
(10.2.3) iﬁ@)=0ﬁr{/9@—nnﬁa§—mmmmwm,

where @(6,€) = [ e7™%a(x, &) dx is the Fourier transform of a with respect to x.
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Figure 10.1: The support of the cut-off function 6(n, £) is in grey. The set of points
(n,&) where 6(n, &) = 1 is in darker grey.

Remark 10.2.7. For a pseudo-differential operator Op(a), notice that
(1024) Op(ayue) = 20 [ ate - n.an ay.

where again a(0,&) = / e ™ %a(x, &) dx is the Fourier transform of a with respect
to the first variable. Note that the only difference betwenn (10.2.3) and (10.2.4) is
the cut-off function 0; this cut-off allows to define operators for non smooth symbols
by means of symbol smoothing.

10.3 Symbolic calculus
In this paragraph, we gather quantitative results about paradifferential operators
from [19].

Introduce the following semi-norms.

Definition 10.3.1. Form € R, p > 0and a € I'}} (RY), we set

(10.3.1) M7 (a)= sup  sup

|a|5%+l+p £erd

(1+ | "5 a -, )|

Weso(Rd)

Letm € R. Recall that an operator 7 is said of order m if, for all 4 € R, it is bounded
from H* to H*™™.
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Theorem 10.3.2. Letm € R. Ifa € I'y (R?), then T, is of order m. Moreover, for
all u € R there exists a constant K such that

(10.3.2) NTull g < KM (a).

The main features of symbolic calculus for paradifferential operators are given by
the following theorems.

Theorem 10.3.3 (Composition). Letm € Rand p > 0. Ifa € T (RY), b € I (RY)
then T, Ty, — Tpup is of order m + m’ — p where

1 a a
a#b = Z Tala] (85 a)(9¢b).

lal<p
Moreover, for all u € R there exists a constant K such that
(10.3.3) ITaTy = Tatoll g pysm-mro < KM (@) MY (D).

Remark 10.3.4. Note that the definition of the symbol a#b depends on the regularity
of the symbols at stake. To clarify possible confusion, we will sometimes use a
notation with an index p and write

Theorem 10.3.5 (Adjoint). Letm € R, p > 0and a € I'}! (R?). Denote by (T,)* the
adjoint operator of T, and by a the complex conjugate of a. Then (T,)* — T+ is of
order m — p where

1 —
a = Z a0l a.
ilelg! ¢
Moreover, for all u there exists a constant K such that

(10.3.4) 1(T2)" = Tar | s pru-mo < KM ().

10.4 Paraproducts

If a = a(x) is a function of x only, then 7, is a called a paraproduct.
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If a € L*(R) then T, is an operator of order 0, together with the estimate
(10.4.1) Vo e R, (Taullye < llalle llullye .

A paraproduct with an L*-function acts on any Holder space W#>*(R) with p in
RI\N,

(10.4.2) Vo e RIAN, [ Taullyoe < llall o lullyoo -

If a = a(x) and b = b(x) are two functions then a{b = ab and hence (10.3.3)
implies that, for any p > 0,

(10.4.3) WTaTp — Tapll gu—pure < K llallye [|16]lwo.es
provided that a and b belong to W*>*(R).

A key feature of paraproducts is that one can replace nonlinear expressions by
paradifferential expressions, to the price of error terms which are smoother than the
main terms. As an illustration, we give the following result of Bony [6].

Definition 10.4.1. Given two functions a, b, we define the remainder

(10.4.4) Rg(a,u) =au—T,u—T,a.

We record here two estimates about the remainder Rg(a, b) (see chapter 2 in [4]).

Theorem 10.4.2. Let @ € R, and 8 € R be such that a + 8 > 0. Then

(1045) 1R (@ t0)l g ) < K allgo e il

(10.4.6) IRg(a, w)l|gossr) < K |lallwesmy 1l gsw) -

We next recall a well-known property of products of functions in Sobolev spaces
(see chapter 8 in [16]) that can be obtained from (10.4.1) and (10.4.6): If uj,u; €
H*(R) N L*(R) and s > 0 then

(10.4.7) luruzllgs < Kllurllpe lluallgs + K fluallze lluillgs -

Similarly, recall that, for s > 0 and F € C*(CV) such that F(0) = 0, there exists a
non-decreasing function C: R, — R, such that

(10.4.8) IFE@)llgs < CIUNI=) U s »

for any U € (H*(R) N L=(R))V.
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Theorem 10.4.3. For all C* function F, if a € H*(RY) then
F(a) - F(0) = Tpr@a € H2% (RY).
Moreover,

|F(@) = F(0) = Trrall g g, < € (lallgocear).

for some non-decreasing function C depending only on F.
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Part IV

Exercises and Problems
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Chapter 11

Exercises

Exercise 11.0.1 (Semi-classical operators). Consider a real number h € (0, 1] and
a symbol a = a(x, &) which belongs to C}’ (R*%). We define

1
(2m)?

Opy(a)u(x) = / ¢ Ea(x, hé)i(€) de.

We want to show that

||()ph(a)||L 12 < Csup la| + ()(h%).
(L?)
R2d

1. Show that
_1
Opy, (a)u(x) = (Op(an)un)(h™2x)
where

an(x,€) = a(hix, B3&), up(y) = u(h?y).

2. Deduce that there is a constant C and an integer M such that for all a €
C°(R*) and all h € (0, 1],

lop, (@[] £ (1) < € S la(x.)l

+C  sup  sup AECeliBD
1<lal+IBISM (x.8)eR24

a;’afa( .

Exercise 11.0.2 (Wave packet transformation). Let u: R — C in the class of
Schwartz S(R). The wave packet transform of u is the function Wu: R — C
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defined by

Wau(x, £) = /R S DEEE () dy.

1. Show that (x,&) — xWu(x, &) and (x,&) — EWu(x,&) are bounded on R>.
Show more generally that Wu belongs to the Schwartz class S(R?).

2. Show that, for any x € R,

/ Wu(x, &) dé = 2r / 2 ()2 dy.

Deduce that there is a constant A > 0 such that, for every u in S(R), we have

[ wutzoP avae = a [P e.

(It is not required to calculate A.)

3. Show that for any function u in the Schwartz class S(R),
Wu(x,€) = c e™ (W) (€, —),

for a certain constant c (it is not required to calculate c).

4. Let € € (0, 1] and u in Schwartz’s class S(R?). We introduce

Weu(x, &) = g3/4 / ei(x—y)'f/s—(x—y)z/ku(y) dy.
R

Check that A~V>W? is an isometry and then show that there is K such that for all
g € (0, 1] and all functions u and v in the Schwartz class S(R),

|vWeu - WS(VM)”Lz(Rz) < Ke' (10wl oy llull 12m) -
5. Show that there is K’ such that, for all € € (0, 1] and for all function u in the
Schwartz class S(R),
lieWou = W (du)| 12z, < K& ||ull 12
Exercise 11.0.3. Let y € C;°(R) be such that
suppx C {£ € R, 272 < g <212}, (&) =1 for 27 < g <2
Set

+0oo

a(x,§) = ) exp(=i2/x)x(27¢).

J=1
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1. Show that a € C*(R?) satisfies
0700 a(x,£)] < Cop(1+1ED" P Va, B e N2, V(x, &) e R,
Does a belong to S° or C;O(R2) ?

2. Let fy be a function in the Schwartz space whose Fourier transform ﬁ) is
supported in the interval [—1/2,1/2]. Given N € N we set

N
fux) =) =

J=2

exp(i2/x) fo(x).

K.l»—

Using Plancherel’s theorem, prove that

N
Wiz = (772 ol <
=)
3. Show that
N
Op(a)fy = (Zj_l)fo
=)
4. Conclude.

Exercise 11.0.4. Let a € A™(RY). Show that
(27r)_N/ e V¥ a(y)dydx = 2n)V / eV a(x) dy dx = a(0).

Exercise 11.0.5. Let a and 8 be in NVN. Show that

a LB Oifa #p,
(27r)_N/e_iy'xy—x—dydx: farh
a g (-)/at ifa = B.

Exercise 11.0.6 (Van der Corput’s Lemma). We are interested in the behavior, when
the parameter A tends to +oo, of the oscillatory integrals

b
Lipg(d) = / 1?0 dy,
a

where (a,b) € R* and phi € C*(R) is a real-valued function.
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1) Suppose that there exist two constants ¢, C > 0 such that,
Vx € [a,b], |¢'(x)|=c e |¢"(x)|<C.
Using the relation
iy _ ;i(eiMz),
il¢’ dx
show that, for all A > 0, we have

1(2 Cb-
[Tap,6(D)] < /_l( ( = a))

2) Show that for all (a, b) € R?, for all A > 0 and for all functions ¢ € C*(R) such
that ¢’ is monotone and does not vanish on |a, b],

lap.0(D)] < - : L
inf,<c<p [¢'(x)] A

(One can use that f [(f(g(x))|dx =| /(f(g(x)))’ dx| if f and g are two monotone
functions).

3) Show that, for all (a,b) € R2, all A > 0 and any function ¢ € CZ(R) satisfying
¢” > 1on [a,b], we have
10

|QMQMSFE

(One can use that {x € [a,b] : |¢'(x)| < A7Y2} is an interval of length at most
equal to 2171/2.)

Exercise 11.0.7. 1) Let € C'(R) be a real or complex valued function. Show that

b b
/ eIy (x) dx = (b) o pg(A) — / W' () axg(2) dx.

2) Deduce that, for all (a,b) € R?, all A > 0, any phase such that ¢” > 1 on [a, b],
and any ¢ € C'(R),

/ /11/2 (W(bﬂ +/ ' (x)] dx).

3) (Application) Show that there exists a constant C such that, for all t € R and for
allall R > 0,

R
U'JW@EPQ@SC.
-R
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Exercise 11.0.8 (An inequality of Kenig, Ponce and Vega). The aim of this exercise
is to prove the inequality

/ DM e Mg (1) dr
R

p < Cligllyesp -
X

In order to simplify, we can suppose that g € S(RXR) and that its Fourier transform
g(s, &) with respect to x is supported in a compact A C R independent of s.

1) Show that it is sufficient to prove that

<
< Cligllyespy -

/ |D, |1/ ei(’_s)a%g(s,x) ds
R

LyLY
2) Show that

/R D74 9% g (5, x) ds = // K(s— t.x — y)g(s,y) dyds,

with

K(t,x) = /A oIEHE) 712 g

3) Conclude by using the exercise 11.0.7 and the theorem of Hardy-Littlewood—
Sobolev.
4) Show that the inequality we have proved implies that the solution u = u(t,x) of

. 2
i0u + 0xu =0, uArowvern=0 =uo € S(R)’

satisfies

() lull s < |10l ug

2’

Using the TT* argument, deduce the previous estimate from the one established in
question 1.

5) Compare (x) with that obtained by an energy estimate.

Exercise 11.0.9. Show the following improvement of Proposition 6.6.3. Let m € R,
and a € S™ (Rd). Suppose that there exist two constants c, R such that,

€] > R = Rea(x, &) > c|&™.
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Then, for all N there exists a constant Cy such that,

c
Re(Op(a)u, ) > 5 [l = Cov il o

for all u € S(RY). [We will use the following inequalities: i) 2xy < nx> + (1/1)y?
and ii), for all € > 0 and all N > 0, there exists Co y > 0 such that

lullg-1 < € llullp2 + Con llullg-n -
Which results from the easy inequality (€)™> < & + Cg n{(&) 72N,

Exercise 11.0.10. Let E be a Banach space and let F: [0,4+00[XE — E be a
continuous application satisfying the following property: There exists C > 0 such

that,

VtG[O,+oo[, V(X,y)EEXE, ||F(t7x)_F(t’y)”ESCHx_y”E

The aim of this problem is to give two proofs of the fact that, for all ug in E, there
exists a unique function u € C1([0, +oo[; E) solution of

d
d—l: = F(t,u), uli= = uo.

1. We are looking for a solution u of the equation ®(u) = u with

D(u) =ug+ -/Ol F(s,u(s))ds.

Given T > 0, we denote X; = C°([0,T]; E). Show that ® is a contraction of
Xt in Xt for T small enough.

2. Deduce that, if T is small enough, then for all ugy in E, there exists a unique
function u € C'([0,T]; E) solution of

a (t,u) li=0 =
F(t,u), ul;= uo.
t t=0 0

Then deduce the existence of a solution defined for all time by fitting together
solutions defined on time intervals of length T.
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3. We want to give another argument which allows us to obtain directly a global
existence result. Given a parameter A > 0, let us introduce the space of
functions with at most exponential growth of factor A:

X = {u € CU[0,+c0[; E), sup e Y |u(r)|p < +°°} -

te[0,+00[
Verify that it is a Banach space for the norm

-A
lullx = sup e Jlu@®)llg -
te[0,+o0[

Let u belong to X. Show that ®(u) also belongs to X. Show furthermore that
for all u and all v in X, we have

C
|®(u) —P(V)|lx < 5 llu —vlx .
Conclude.

Exercise 11.0.11. Consider a Banach space (B, ||-||g) and a normed vector space
(Vo I)lly)-  Let us consider two continuous linear operators Lo: B +— V and
Ly: B— V. Fortin [0, 1], we define

L,=(1—-1t)Lo+tLy.
It is assumed that there exists a constant A > 0 such that

Vie[0,1], YueB, |ullp<AllLully.

1. Suppose that Ly is surjective for some s € [0, 1]. Show that L is bijective
and that its inverse is a continuous linear application satisfying

I£5 5 < A

2. Let f € Vand let s € [0, 1] be such that Ly is surjective. Observe that for all
t€[0,1],
f=Lu & f=Lu+(t—-s)(L;—Lou.

Introduce an application Ts;colonB — B depending on f and s,t and veri-
fying the two properties:

(i) f=Lu o u=T(u),
and

1
A(llLollg—y + IL1ll3—y)

(i) T, is a contraction if |t —s| <6 =
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3. Deduce that L, is surjective for all tin[0, 1] such that |t — s| € [0,6][. Then
show that if Ly is surjective then L is surjective.
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Chapter 12

Problems

12.1 The div-curl lemma of Murat and Tartar

Notations : Let Q be an open of R¥. Let C*(Q) be the space of functions u: Q — R
which are the restriction to Q of functions C* on R?. We denote by Cy’ () the set
of those functions C* with compact support in €.

Let us consider a bounded open Q c R? and two sequences of vector fields vectors,
E,: Q — R?and B,: Q — R%. We note (E,), E?) and (B!, B2) the coordinates of
E, and B,,. It is assumed that:

(H1) E, and B, belong to C®(Q)? for any integer n.

(H2) We have

sup ( NEnllz2(@)p + IBall2q)2 + 1Enll2(q) + llcurl Byl p2(q) ) < +00,
ne

where [|Ep||12q)2 = \/”Eénfﬂ(g) + ”E'%”iZ(sz)’ and where div E,, and curl B,
are functions with values in R defined by

divE, = 8, E} + 8,,E> curl B, = d,,B} - 8., B>.

X2=n> X2=n

(H3) There exist E € L?>(Q)? and B € L?*(Q)? such that E, — E and B, — Bin
L?(Q)?, which means that each coordinate converges weakly (E;, — E/ for
Jj = 1,2 and similarly for B,).
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The goal of this exercise is to show that, for all ¢ € C(‘)>o (Q),

(*)

[ewEw - Boa — [ e0Ewm - B
Q Q

where y -y’ is the scalar product of R2.

. Let us fix a function ¢ € C;°(€2) and consider y € C;°(2) with y =1 on the

support of ¢, so that y¢ = ¢. We introduce
vp=9E,, w,=xB, v=¢E, w=yB.

We extend these functions by O on R2 \Q (and we always note them v,,, w,, v, w).
Show that v,, and w), belong to H' (R?)2. Show that v,, converges weakly to v
in L2(R?)? and that similarly w, converges weakly to w in L2(R?)?.

If £ = (f', f?) is a function with values in R?, we note ]? = (}T, P) its

Fourier transform. Show that (v,,) and (w,) are bounded in L?(R?)? and in
L®(R?)2.

. Show that () is equivalent to

() Lo m@e — [ v F@e

. Show that, for all & € R?, the sequences (V,,(£))nen and (W, (€)),en converge

to V(&) and w(€), respectively.

. Let R > 0. Let B(0, R) be the ball of center 0 and radius R in R?. Show that

/ Tu()  Tn (@) dE — 5(6) - P de.
B(O,R) n

=+ JB(0,R)

. Let & = (£, &) e R? different from zero. Set &+ = (&3, —&1). Show that, for

all X € R?, we have

1 i
X:(X.E)EJF(X.SC_)f_,
1£1) €] 1£1) €]
Then show that for all X, Y in R? we have

1 L
XYl (V11X gl X1y -£4).
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7. Show that the sequences of functions & — & -V, (£) and & > &+ - w,(£) are
bounded in L?(R?).

8. Deduce that for all R > 0 we have

sup / 5u(6) - Fa @) dE — 0,
|€]>R R—+oo

neN

and conclude the demonstration of (x).

12.2 Continuity on Holder spaces

We denote C, Cy, Cy g, - . . absolute constants (where C, depends on the multi-index
a...) which do not depend on the symbols, nor on the unknowns.

The aim of this problem is to study the action of a pseudo-differential operator

Op(p)u(x) = / ¢ p(x, E)A(E) dé.

(2m)"

on the Holder spaces C%" (R?) with r €]0, 1].
* % % Preliminary s s

Let M > 0 be fixed. Let g(x,&) be a function C* on R? x R?, supported in
{(x,¢) : |&€] <3}. We suppose that, for all 8 € N" such that |B] < % + 2, we have

V(x, &) € RYxRY, |a§q(x,§)| <M.

1. Let us introduce Q(x,z) = (27)™" / e“q(x,&)dé. Using the relation
R4

0ie'*t = jze'*¢ show that, for « € N”, we can write the function z >
2%Q(x, z) in the form of a Fourier transform of a function that we will specify.

2. Deduce that, for all || < (d/2) + 2, there exists a constant C,, such that
/ 12I** 10 (x,2)|* dz < Co,M>.

Then deduce that f |Q(x,2)|,dz < CM.
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3. Let f € S(RY). Show that Op(q) f(x) = / Q(x,x —y)f(y)dy then deduce

10p(q) fll L < CM || 1l -

% % * Stein’s theorem * x x

Consider a symbol p = p(x, &) which is C* on RY x R? and such that

V(x,&) e RY xRY,

5f5§p(x,§)‘ < Cop(l+ lE)) 18l

We showed in class that Op(p) is bounded from L?(R¢) in itself. We will show in
this problem that Op(p) is bounded by C%" (R?) in itself for all » € (0, 1[.

We recall that Holder spaces can be studied using the Littlewood-Paley decomposi-
tion. To fix the notations, let us recall that there exist two functions yo and y, C* on
R4, supported respectively in the ball {|¢| < 1} and in the annulus {1/3 < |¢] < 3}
and such that:

VEER!, xo(&)+ ) x(27&) =1
=0

Let’s introduce
P-1(x,€) = p(x.x0(6), pj(x.6) =p(r.E)x(277¢) for jeN.
1. Show that there exists M > 0 such that, for all 8 € N" satisfying |B| <
(d/2) + 2, we have
[0Fp-1(x,6)| < M,
|afp,~(x,§)| < M27VBL (V) eN).

2. Show that
10p(p-1) [l < ClIfll-

3. Leta = a(x, &) be asymbol and A € R}. Letus set b(x,¢) =a (%,/lf). Let

us note H, the application which to the function u = u(x) associates
(Hau)(x) = u(Ax).
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Show that Op(a) = Hy o Op(b) o H;l and deduce that, if Op(b) is bounded
from L™ to L®, then Op(a) is also bounded and then they have the same
norm.

4. For all j € N, show that we can choose A; so that p;(x,¢) = p; (/lj‘.lx, A;€) s
supported in {(x, &) : |£] < 3}. Deduce that

[Op(p) fll e < C Il -
5. Let us introduce f-; = yo(Dy) f and fi = x(27¥D,) f for k > 0. Show that

Op(p))f= Y. Op(p))fi.

|j—k|<3

6. Show that there exists C > 0 such that for all j € N and all f € S(RY), we
have

[Op(P ) fl, < ClIfllcor 277"
7. Let @ € N" satisfy |a| < 1. Show that for all j € NU {-1}, we have
0y Op(p;) =0p(q;) where g;(x,&) = ((i +0,)"p;)(x. €).
By repeating the previous steps, show that
67 Op(p ) fl o < Ca2 I fllcor -
8. (*) Let (f;) be a sequence of functions C '(R?) which satisfy
||6;’fj||Lm < M2/0e1=) pour tout || < 1.
Show that f = 3] f; belongs to C 0.7 (R9) and that its norm is bounded by CM.

9. Conclude: Op(p) is bounded from C%"(R¢) in itself for all » € (0, 1[. What
can we say for r = 0?

« % * Relation between L® and CY x x x

i) Show that there exists a constant C such that, for all £ € (0, 1) and any function
f belonging to the Holder space C%¢(R?), we have

c 1/l co.s
£l < = lfllcolog e + Z—2—1.
Fre e £l co
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Hint: use the Littlewood-Paley decomposition and, for N € N to choose, write

that
Al < ) el + D 1Al

g<N-1 q>=N

ii) Consider the distribution

o0
i04d
M:Zelzx.

q=0

Show that u € C?\ L*.

12.3 Sums of squares of vector fields

Warning : this problem is very difficult. The goal is to show a famous result of Lars
Hormander on the hypoellipticity of some sums of squares of vector fields.

* % % Notations * * *

We consider only real-valued functions defined on an open set of R? with n > 1 an
arbitrary integer. Given s € R, we denote H*(R¢) the Sobolev space of order s and
(D,)* the Fourier multiplier of symbol (£)* = (1 + | 1?)5/2. We denote {u, v) the
scalar product on L2(RY), (u, v) = /Rd u(x)v(x) dx.

Given two operators A and B, we denote AB the compound A o B (so A2 = Ao A)
and [A, B] = AB — BA their commutator.

In this problem we are interested in the second order operator

L= ) X},

I1<j<m
or X1, ..., X, are differential operators of order 1 : for 1 < j < m, X is defined by
ou
G (x) = ) @i ()50,
1<i<n

where a;; is C* on R? and has values in R for all 1 < i < n. Note that we

only assume that functions a; ; are C* (and not C* and bounded as well as their

148



derivatives). For instance, we wish to study the case L = 6)? + x26y2 = X12 + X22 with
X1 = 0, and X, = x0,.

« % % Preliminary questions s = x

1. Show that the adjoint X;.‘ of X; satisfies X;.ku = —Xju+c;uwherec; € C% (RY)

is a function that we will determine. That is, show that for all u,v € C° (RY),
/Rd(Xju)(x)v(x) dx = ./Rd (—u(x)(X;v)(x) +c;(x)u(x)v(x)) dx.

2. Show that there exists a constant C > 0 such that, for all u € Cg*(R?),

U Ixgullza < CllLul + Clluli2,

1<j<m
« % * Study a class of operators x s =

Let us fix a bounded open set V.

We denote Psi(‘), the set of operators P € £(L?*(R%)) which can be written as
Pu = ¢; Op(a) (p2u)

with

* Y1, € Cg"(Rd) and supp ¢y C V for k = 1,2;

* a is a symbol with complex values belonging to S°.

Let € € (0, 1/2]. We denote A, the set of operators P € ‘P?, such that

3C >0/ Yu e C(V), Pullfe < CllLull, +C llull?, .

1. Show that if Py and P, belong to P}, then P1P, € P) and P} € ..

2. Show that if P € A, then P* € A,.
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3. Show that for all £ € (0, 1/2], A, is stable by composition on the left or on
the right by a pseudo of ‘P‘O,: this means that if P € A, and Q € ¥Y, then

QP e A,, PQ e A,.

4. Let#; and 6, be two functions C* with compact support such that supp 8y Cc V
for k = 1,2 and 61 = 1 on the support of 6,. Let us introduce the operator S
defined by

Su = 01(Dx)~" (Oou).

Show that X ;S € ‘P?,. Show moreover that, forall 1 < j <nande € [0,1/2],
we have
XjS € Ag.

5. Lete,d € (0,1/2] with § < &/2. Let us consider P € A,. We want to show
in this question that
[ X, P] € As

foralll < j <n.

(a) Write ||[Xj,P]u||12qé in the form ([X;, Plu,Tu) where T = Op(7) is a
pseudo-differential operator with 7 € §%9.

(b) Show that there exists a constant C > 0 such that
2 x 12 2
(PXju, Tw)] < [ Xull2s + ITPouls + €l

(¢) Obtain a similar estimate for |(X iPu, Tu)| and conclude.

6. We denote A the set of operators P € ‘P?, such that P € A, for a certain
g € (0,1/2]. Thatis P € A, if and only if

Je €]0,1/2], 3C > 0/ Yu € CF(V),  ||Pullfze < C || Lull7, + C [lull3, .

Let 1 <i,j < m. Show that the commutator [X;, X;] = X;X; — X;X; is a
differential operator of order 1.

Show that for all 1 < j, k < m, we have
[X;, Xi]S € A.

(Hint: observe that [ X}, X; S] belongs to A.)

* % x The sublaplacian on the Heisenberg group s x x
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Let us consider the case of the space dimension n = 3. Consider the operator
L=X*+Y?
with
X =0y, +2x10x;, Y =0k, — 2X20,,.
1. Let V be a bounded open set. Show that, forall 1 < k < 3,

o 2
Je €]0,1/2], 3C > 0/ Yu € CJ(V),  ||0s, (S|}, < ClILull7>+C [lull3, .

2. Deduce that for all compact K ¢ R? there exists £ > 0 and a constant C > 0
such that, for all u € Cy° (RY) with suppu C K,

2 2 2
llullze < CllLull7, + C flully. -
* x * General case * x *
We identify a differential operator X = };.;<, a;0x,, With the vector field a =

(ai,...,a,): R — R?. Givenx € R?, we denote X (x) the vector a(x) € RY.

We consider again a general operator L = j<j<p Xf and we suppose that there

exists r € N* such that for all x € R¥,
Vect{([Xil, [Xiyr - [Xi) 1 Xi) 1. 1) p <7y g € {1,...,m}} —R".

(a) Show that this condition is satisfied for the following two examples:

e n=2 X =0 and X» =x5y.
e n = 4 (we denote (x,y,z,t) the coordinates of a point of RY, X; = 4,

Xo = 3320, +x6; + 6.

(b) Show that
[X,‘l, [Xiz’ R [Xip—l’ Xip] ]lSeA

for all p-uple of indices.

(¢) Show that for all compact K ¢ R¢ there exists £ > 0 and a constant C > 0 such
that, for all u € C7° (RY) with suppu C K,

2 2 2
lullge < CllLullz, + C llullg, -
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* % x Complement * *

1) We now consider the operator

2
L= ) X+Xo,
1<j<m
where X, X1, ..., X,, are m + 1 vector fields as before.

Show that there exists a constant C such that, for all u € C8° (Rd ),

> Xl < C | Lull?, +C llull?
1<i<m
We say that P € W9, belongs to A if and only if
Je €]0,1/2], 3C > 0/ Vu € C(V),  ||Pullfye < C | Lull?, +C llull3, .
Show that, with S as before and P € ‘P?,,
XoS € Ay, [Xo,P]l € Ay
and that, for all 0 < i, j < m, we have [X;, X;]S € Ay.

Deduce that A, = ‘I’?, if there exists r € N such that

Vect{([Xil, Koy [Xi) 0 Xe) 1. 1) p <7y g € {o,...,m}} —R".

2) We have thus shown that for all compact K ¢ R? there exist ¢ > 0 and C > 0
such that, for all u € C(‘)>o (RY) with suppu C K,

2 2 2
lullge < CNLully, + Cllully, -

We say that this is a subelliptic estimate. Using this estimate and the structure of L,
show that L is hypoelliptic: which means that if u € 9D’ (Q) satisfies Lu € C*(w)
with w € Q thenu € C*(w).

Nevertheless, an operator can satisty a subelliptic estimate without being hypoellip-
tic. Consider for instance the operator Ou = (97 — d2)u. Then this operator is not
hypoelliptic (there exist non C® solutions of Ou = 0) but it satisfies the previous
estimate. Show (in a direct way) that there exists a constant C such that for all
u € Cy(R?),

lullz < Clloull7, +Cllull7, .
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12.4 Regularizing effect for Schrodinger and Airy

Letn > 1 be. Let L?(R¥) be the space of complex valued functions and integrable
square, with scalar product

(F.0)= [ Fostas

Given two operators A and B, let AB be the operator A o B and [A, B] = AB — BA.
the commutator of A and B.

Let m € N. Consider a symbol a € §”(R?) and set A = Op(a). Let A* be the
adjoint of A and assume that A — A™* is an operator of order 0, so that

(12.4.1) Vfe H"(RY), |Af = A" fll 2a) < Ko Il fll 2 ga) -

We fix a time 7 > 0 and consider a function u € C' ([0, T]; H™(R%)) solution of
(12.4.2) O = iAu.
We admit the existence of such a solution.

1. Let us consider the following operators:

e A=A

e Ay =div(y(x)V-) where y € C]‘;"(Rd ; R) (which means that vy is a real-valued
function, C* and bounded on R¥, as well as all its derivatives);

e n=1and A3 = id] +iV(x)0, where V € C(R;R).

Write these operators in the form A; = Op(a;) where a; is a symbol of order m
(for a m; to specify). Then check that these operators verify the hypothesis (12.4.1).
2. Let f,g € C'([0,T]; H) where H is a Hilbert space with scalar product (-, -)y.
Show that the function (f, g)m: t — (f (1), g(¢))y is C! and that

d d dg

— t 1 =|1=—), gt + r), — (1 .

U000 = (F0.e0) + (10 FEo)

Consider a symbol b = b(x, &) belonging to S°(R¢). We pose B = Op(b). Show
that

%(Bu(t), u(t)) = (i[ B, Alu(t), u(t)) + (Bu(t),i(A — A")u(t)).
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3. Applying this with b = 1 show that

d
T )22 gy < Ko (O 2 g

where K is defined by (12.4.1). Then deduce that there exists a constant K;
depending only on 7" and K/ such that

sup [u(0)][22 50y < K1 [14(0) 12 g0, -
t€[0,T]

4. Consider b € S°(R9) and set
C =i[B,A].
From the previous questions, it can be deduced that there exists a constant K,

(depending only on 7', A, B) such that

T
[ cutiruo)ar < K (Ol e

5. Suppose d = 1 and A = 2.

a. Write C in the form Op(p) + R where p € S'(R) is a symbol depending on b
to be calculated and R is an operator of order 0. Deduce from the above that there
exists a constant K3 depending only on 7', A, B such that

T
/0 (Op(p)u(t). u()) dr < K3 [u(0)]24 s, -

b. Let us choose

1e [~ dy
2@ Jo )

Check that » € S°(R) and that

b(x, &) = - where  (£) = (1+]¢[H)'V2

Op(p) = —(x)2A7'02 where A™'=0p ((£)7).
c¢. Deduce that there is a constant K4 (depending only on 7', A) such that

r

O N2 () Mu(r))

2
2
ey & S Ka IO
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Then show that

T
_ 2
(12.43) /0 oy u Ol g o A < Kol s

6. Suppose n = 1 and A = i9? +iV(x)d,. Let M > 0 and consider an increasing
function ¢ € C*(R;R) such that ¢(x) = x if |[x] < M and ¢’(x) = 0 if |x| > 2M.
Let b(x,¢) = ¢(x) (independent of £). Write C in the form Op(p) + R where R is
of order 0 (be careful to use the symbolic calculus with the right order) and check
that C = 30, (¢’ (x)dx:) + R where R is of order 0. Deduce that

T M
/ / |0.u(t,x)|> dx dr < K/|u(o,x)|2dx,
0 -M R

for a constant K depending only on 7" and M.

7. (*) Show that the estimate (12.4.3) is true for A = A in any dimension d.
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